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ABSTRACT
The dynamic properties of macroeconomic models are typically characterised by
having a combination of stable and unstable eigenvalues. In a seminal paper,
Blanchard and Kahn showed that, for linear models, in order to ensure a unique
solution, the number of discontinuous or “jump” variables must equal the number of
unstable eigenvalues in the economy. Assuming no zero eigenvalues, this also means
that the number of predetermined variables, otherwise referred to as continuous or
non-jump variables, must equal the number of stable eigenvalues. In this paper, we
review the Blanchard and Kahn results when eigenvalues are real-valued and then
establish that these results also carry through for linear dynamical systems where
some of the eigenvalues are complex-valued. We show that the crucial reason why
the results continue to hold for complex-valued eigenvalues is because, in order to
ensure that the solutions for the endogenous variables are real-valued and thus have an
economic interpretation, the coefficients associated with each complex conjugate pair
of eigenvalues must also come in complex conjugate pairs. Examples with just one
complex conjugate pair of stable eigenvalues and a general n-dimensional model have

been presented for both the continuous-time and discrete-time cases.
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1. INTRODUCTION

Macroeconomic models derived from optimising behaviour are typically
characterised by the property of saddle-path instability, involving dynamics defined
by a combination of stable and unstable eigenvalues. Turnovsky (2000) gives
examples of a range of such models. When faced with an unanticipated shock, the
standard approach in the literature is to assume that sufficient variables have
discontinuities so that they “jump” at the time when new information hits the
economic system, i.e. at the time of the unanticipated shock. These variables are
assumed to jump so as to bring the economy back onto the stable path with this
jumping behaviour being intuitively, but not rigorously, justified on the basis of
underlying optimising behaviour of various agents in the economy.

In a seminal paper, Blanchard and Kahn (1980) showed that, for linear models,
in order to ensure a unique solution, the number of jump variables must equal the
number of unstable eigenvalues in the economy. Assuming no zero eigenvalues, this
also means that the number of predetermined variables, otherwise referred to as
continuous or non-jump variables, must equal the number of stable eigenvalues.
Blanchard and Kahn’s results are typically applied to models with real-valued
eigenvalues. This paper focuses on the validity of their results when at least some of
the stable eigenvalues are complex-valued.

While models of dynamical systems with complex-valued eigenvalues are well
represented in various areas of the engineering literature, dynamic macro-models with
complex-valued eigenvalues have received scant treatment in the economics
literature." This means that there has been virtually no treatment of “jump” variables,

which are important in macroeconomics but have no real counterpart in the

! For an example of the application of complex-valued eigenvalues in a macroeconomic framework, see
Stemp and Herbert (2003).



engineering literature. One way to handle the issue of jump variables in the case of
models with complex-valued eigenvalues is just to calculate the number of unstable
eigenvalues, whether real-valued or complex-valued, and then to appeal loosely to the
Blanchard and Kahn results to justify the same number of jump variables as unstable
eigenvalues. The problem with this approach is that Blanchard and Kahn made no
explicit reference to complex-valued eigenvalues. In this paper, we review the
Blanchard and Kahn results when eigenvalues are real-valued and then demonstrate
that their results do carry through to the case of complex-valued eigenvalues, but only
because of a particular property of the solution in these cases.

In the following sections of this paper, we derive the Blanchard and Kahn
results for macroeconomic models when all eigenvalues are real-valued and then
consider the case when some eigenvalues are complex-valued, considering the case of
both continuous-time and discrete-time models. Section 2 considers the continuous-
time example of Dornbusch (1976) Model, augmented by sluggish adjustment in net
exports so that there is the possibility of complex-valued eigenvalues. Section 3
considers the case of the n-dimensional linear dynamical system in continuous-time.
Sections 4 and 5 consider analogous models to those considered in Sections 2 and 3

but in discrete-time. Section 6 provides a conclusion.

2. AN EXAMPLE IN CONTINUOUS TIME
The basic model

Consider the following model:

p=a,(x—X)-a,(r-r"),e, >0,e, >0 (1a)
m-p=-p(r-r),f>0 (1b)
r=r +é (1c)



x=nlé(e-p)—x],7>0 (1d)
where parameters are given by Greek symbols, all variables are functions of time, and

p = price level (expressed in logarithms);
X = net exports;
r = nominal interest rate;
r"= nominal interest rate in rest of world;
e = the nominal exchange rate (expressed in logarithms

so that an increase in e denotes a depreciation); and
m = nominal money supply (assumed exogenous and fixed,

except at point of initial shock).

This is essentially the Dornbusch (1976) model augmented to include sluggish
adjustment of net exports in response to changes in the real exchange rate. The model

can be reduced to the following set of equations:

p=a1(x—x*>+%(n—w—p) (2a)
¢ :—%(m— ) (2b)
x=nls(e-p)—x] (2¢)

This can be expressed in matrix form as:

b p-p
é|=A| e—¢ (3a)
X X=X

where an asterisk denotes the corresponding steady-state value, and where

-% 0
A= £ 0 0 (3b)
-né né -n

Real-valued and complex-valued eigenvalues

When f <oo, the characteristic equation is given by:



-%-4 0 o
i -1 0 4)
-no no -n—-A

c(1)=

In order to derive the full analytic solution to this model, we must first
demonstrate that it is possible for the dynamical system defined by equations (3a-3b)

to have complex-valued eigenvalues. Letting g — o, the characteristic equation of

this system satisfies:

-4 0 a,
c(A)=|0 -1 0
-né6 né -n-A1

=-2°-nA’ -na,o2
=-A[A* +nA+nas] (5a)

Hence, as f — oo, the eigenvalues of the system are given by:

4, =0; and 4,@:‘“"’72_4’7%5. (5b)

2

In continuous-time models, an eigenvalue is associated with stable dynamics if and
only if the real part of the eigenvalue is negative. Note that 4, and A, both have
negative real parts and that both 4, and A, are complex-valued whenever 4¢,0 > 7.

Accordingly, if the system has at least one complex-valued eigenvalue then it will
have two complex-valued eigenvalues each with negative real parts and these two
eigenvalues will come as a complex conjugate pair. This means that, if

Ay =—p, +iy,, where g and g, are real numbers, then A, =—u, —ig, . We denote
the complex conjugate of a complex number by a bar over that number, so that

A=A and A, =4,.



If all other parameters are fixed, the size of the imaginary part of the complex-

valued eigenvalues can be determined by changing the value of . For high value of
n, both A, and A, will be real-valued. For lower value of 7, both 4, and A, will be
complex-valued. Using continuity in £, it follows that complex-valued eigenvalues
will also arise for finite but large values of 3.

Also, when g <oo, for the system given by equations (3a-3b), the sum of the

eigenvalues is given by trace A and the product of the eigenvalues is given by det A.

Hence,
z1+ﬂ,2+,13:—[77+%j<0 (62)
Aoty =108 >0 (6b)

From equation (6b), the real parts of the eigenvalues are either (i) all positive,
or (ii) two negative and one positive. Then, from (6a), at least one eigenvalue has
negative real part. Hence the signs of the real parts of the eigenvalues are: two
negative and one positive.

It follows from the above that for g sufficiently large, the dynamical system

given by equations (3a-3b) will have three non-zero eigenvalues, one of which is real-
valued and positive, and two of which will be complex-valued, with negative real
parts.

Table 1
Values of Eigenvalues for Different Values of 7: Example in Continuous Time

(Unstable eigenvalues are preceded by an asterisk)

d A % A
0.25 *0.52 -0.63-0.61i -0.63+0.61i
0.5 *0.63 -0.81-0.78i -0.81+0.78i
1.0 *0.74 -1.12-0.95i -1.12+0.95i
2.0 *0.84 -1.67-1.01i -1.67+1.01i
4.0 *0.92 -2.10 -3.31




Next, the model is calibrated using the following parameter values: «; =0.8,

a,=05 £=10, and 6 =1.0. We allow the parameter, 7, to vary over a range of
values. This generates the values for eigenvalues summarised in Table 1, which,
consistent with the earlier results, shows that it is possible to generate complex-valued
eigenvalues over a range of parameter values and that these complex-valued

eigenvalues come in complex conjugate pairs.

Without loss of generality, we will denote the positive real-valued eigenvalue

by 4, and the other two eigenvalues by A, and A,. Irrespective of whether A, and A,
are real-valued or complex-valued, the eigenvectors of the system are given by:

o, A,
V(%) = 2 (7)
Ale, + BA]

The eigenvectors are linearly independent so that no eigenvector can be written as a

linear combination of the other eigenvectors.? The general solution to the system is

then given by:

*

p-p C, exp(4t)
e—e |=[v(4) V(%) V(4)]| C,exp(4t) (8a)
X—X C, exp(At)

where C,,C, and C, are yet-to-be-determined constants, which may be real-valued or

may be complex-valued.

As shown above, it is always the case that precisely one eigenvalue, A, has
positive real part (the unstable eigenvalue) and two eigenvalues, A, and A,, have

negative real part (the stable eigenvalues). When 4, and A, are real-valued, the

2 For a proof, see Simon and Blume (1994), Theorem 23.5.



standard approach to solving this model is to assume that, when there is a sudden
unanticipated shock to the economy, an appropriate number of variables “jump” to the
stable solution, while other variables evolve continuously from their historically-
determined positions. Blanchard and Kahn (1980) have shown that, in order to
achieve a unique solution, there must be exactly the same number of jump variables as
there are unstable eigenvalues. Put another way, in order to achieve a unique solution
and assuming that there are no zero eigenvalues, there must be exactly the same
number of predetermined variables as there are stable eigenvalues.

Since A, has positive real part, the stable solution is given by setting C, =0 so

that;
p—p
. C, exp(4,t)
e—e [=[v(4,) V(ﬂa)][ ] (8b)
e C, exp(Ayt)

If we assume that e is the jump variable then the constants, C, and C,, should be

chosen consistent with the initial values of p and x. When the eigenvalues are all real-
valued, C, and C, are real-valued constants and equation (8b) fully determines the
analytic solution of the model. In the following paragraphs, we investigate whether
the Blanchard and Kahn results carry over to the case when some of the eigenvalues
are allowed to be complex-valued.

Solving the model with complex-valued eigenvalues

It can be shown that, if A4, and A, are complex-valued then they are complex
conjugates and the corresponding eigenvectors are also complex conjugates; in other

words, if 4, and A, are complex-valued then 4, = 4,, and V(1) = V(L) =V(4,) .}

¥ See Simon and Blume (1994), Theorem 23.13.



Assuming that A, =—g, +ig, and that A, =—u, —ig, , then, from DeMoivre’s

Theorem,
exp(i 4,1) = COS(44,t) +i sin(,t) (92)
and exp(—iz1,t) = cos(z1,t) —isin(us,t) (9b)
Hence,
exp(A,t) = exp(—s,t +ipt) = exp(—p,t) exp(is,t)
= exp(-p,t)[cos(u,t) +isin(t)]  (108)
and exp(4,1) = exp(Z1) = exp(—,D)[cos(u,) —isin(,t)]  (10b)

so that exp(4,t) and exp(4,t) are also complex conjugates.
Let w, +iw, =exp(4,t)v(4,) (11a)
Then w, —iw, =exp(At)V(L) = exp(Lt)v(4,) (11b)
Furthermore, let C,=C,, +iC, and C,=C,, +iC, . Then, from equation (8b), in
order that the variables, p, e and x are real-valued, it must be the case that the
imaginary part of the following (w, +iw,)(C,, +iC, )+ (w, —iw,)(C,, +IC,,) s
zero. Hence,

w,(C,, +C,)+w,(C,,-C,,)=0

(11c)

Since w, and w, are linear combinations of v(4,) and v(4,), it follows from the
linear independence of v(4,) and v(4,) that:

C,+Cy =0 (12a)

and C,,—C,,=0 (12b)



In other words, in order for the solutions to p, e and x to be real-valued, it is

necessary and sufficient that C, and C, also form a complex conjugate pair and so
are of the form:
C,=D,+ID, (13a)
C,=D,-iD, (13b)
Hence, the general solution in the case of complex-valued eigenvalues can be

written in the form:

p—p

. _ (C,exp(4,
e—e’ |=[v(2) v(;tz)](c_: Eiigzgj (143)
X—X" ? ?

Letting v(4,) =u, +iu,, 4, =—u, +iy, and C, =D, +iD,, equation (14a) can

be rewritten in the form:

*

e—e

:[u +iu u —i ]((Da+iDb)eXp(_,Uat)[COS(,Ubt)+iSin(ybt)]
X=X

! - j(mb)
(D, ~iD, ) exp(—4,)[cos(tst) —isin(us,)]

For the model examined in this Section, equation (14b) can be rewritten as:

p—p o, (L-y)u, +ioy (1= 7)) u, o, (1= 7)), —ia, (- ) u,
e—e |=| a(ul — )+ py — iRy pty + 11y) 0 (1l =ty )+t + 1Rty pty + 11,
X=X —na, i, —1+i(na, ) —nap, —1—i(na,u,)

[(Da +iD, ) exp(—,t)[cos(t) + Sin(ﬂbt)]J (149)
(D, —iD,) exp(—p,t)[cos(yt) —isin(us,1)]
ual ubl
Next, let u, =| u,, | and u, =| uy, (15a)
uaS ub3



The constants, D, and D,, can then be chosen consistent with the initial values of p
and x. For example, if at time t=0, p(0)=p, and x(0) =x,, then, from equation

(14b),

po—p: _ ua1+?ubl ual_?ubl Da+?Db (15b)
Xy — X Uy +1Uy; Uy —Ilug, )\ D, —1D,

pO_p: — 2ua1 _2ubl Da (15C)
X, — X 2u, —2u, )\ D,

We can refer to D, and D, as the two parameters that need to be calculated to solve

Hence,

the model. It will be observed that the number of parameters (two) is precisely the
same as the number of stable eigenvalues. As long as the 2x2 matrix in equation
(15¢) is invertible, this establishes the property that there needs to be a 1-1
relationship between the number of parameters, the number of stable eigenvalues and
the number of predetermined variables. This is the result of Blanchard and Kahn
extended to a model with two complex-valued eigenvalues.

Hence,

(Da] _ [—Zal(l—y)ﬂa —2061(1—7)%)_1 ( P~ D*J
D, “2na,u, —2  —2no,u, X, =X
1 [ e —al(l—y)ﬂbj[ P, — p:j (150)
o (L=y) iy \—m10t01, =1 o, (A=y)pt, J\ %, =X
Equations (14c) and (15d) fully determine the analytic solution of the model

with complex-valued eigenvalues, providing real-valued solutions for p, e and x. It

will be observed that the solution given by equation (14c) includes the terms cos(z;t)
and sin(zt), thus demonstrating that the analytic solution has cyclic properties and,

in particular, that the frequency of the cycles increases as the absolute value of

10



increases. Also, since u, is positive, exp(—x,t) — 0, so that p, e and x all converge

to their steady-state values.
The requirement that, in order for the endogenous variables, p, e and x, to be

real-valued, it is necessary and sufficient for C, and C, to form a complex conjugate
pair is crucial for the Blanchard and Kahn results to carry over in this case. When C,
and C, form a complex conjugate pair, then their values are determined by only two
parameters, D, and D,, in the above. Hence, by taking the initial values of only two

predetermined variables, p and X, it is generally possible to specify jumps to a unique

path, where this unique path is given by equation (14c). If C, and C, did not have to

be complex conjugates, but instead could be chosen from anywhere in the complex
plane, then initial values for only two variables, such as p and x, would not be

sufficient to ensure that the economy jumped to a unique path after a shock.

3. GENERAL CASE IN CONTINUOUS TIME
We next consider the general continuous-time linear dynamical system of the

form:

y=M(y-y) (16)

nxt XN nx1
It is assumed throughout that the n eigenvalues of M are all distinct. Hence, the
corresponding eigenvectors are also distinct and linearly independent. We again
focus on the complex-valued eigenvalues and the associated eigenvectors. The
following propositions are extensions of related ideas and theorems presented in
Section 2.

Proposition 1: For any matrix, M, if A(=x, +iz,) is a complex-valued eigenvalue
of M, then the complex conjugate A (=, —iz,) is also an eigenvalue of M. Hence,

11



any matrix, M, must have an even number of complex-valued eigenvalues and these
complex-valued eigenvalues must always come in complex conjugate pairs.

Proposition 2: If A and Aare a complex conjugate pair of complex-valued
eigenvalues of M, then the corresponding eigenvectors, v(4)(=u,(4)+iu,(41))and

v(4)(=u, (1) —iu, (1)) also form a complex conjugate pair.

Proposition 3: If 4 and 4 are a complex conjugate pair of complex-valued numbers,
then exp(At)and exp(At) also form a complex conjugate pair of complex-valued
numbers.

Assume that M has k real-valued eigenvalues and 2l complex-valued

eigenvalues, making a total of n=k + 2l distinct eigenvalues and eigenvectors. Then

the general solution to the system of equations given by (16) is of the form:
Y.~ y:
Y — y;

*
Yk+1,1 - Yk+1,1

Yk+1,2 - Yk+1,2

Yira— yk+|,l*
Vw2~ yk+l,2*
C, exp(A4t)
C, eX§(ﬂkt)
~ ~ | Cear @XP(Acat)
(Vi) - VR VO VEW) e VG VED] S
Craia ex.p(ﬂkﬂt)
Ck+|,2 exp(ﬂ_knt)

(17a)
We next introduce the following definition:

Definition 1: Consider the dynamical system given by y =M(y—-Yy"), where y is an
nx1 matrix and M is an nxn matrix. If M has n distinct eigenvalues given by

12




A, A,,..., A, and n corresponding eigenvectors, v(4,),V(4,),...,v(4,), then the solution
of the dynamical system is given by:
C, exp(At)
. C, exp(A,t)
yO -y =[v() V(&) - v)] T

C, exp(4,1)
where C,,C,,...,C, are arbitrary constants determined by the boundary values of the
dynamical system. For each i, we say that the arbitrary constant, C,, is associated
with the eigenvalue, 4.

These arbitrary constants have particular properties as summarized in the following
propositions:

Proposition 4: If A is a real-valued eigenvalue of M, then the arbitrary constant, C,
associated with 4 must also be real-valued.

Proposition 5: If 4 and A, are a complex conjugate pair of complex-valued
eigenvalues of M, then the arbitrary constants, C, and C,, associated with 4, and
A, , also form a complex conjugate pair. Hence, there exist two parameters, D, and
D,,suchthat C, =D, +iD, and C, =D, —iD,.

Hence, the last matrix in equation (17a) can be rewritten as:

C, exp(4t)

C, exp(A1)
Ck+l exp(ﬂ’kﬂt)
Ck+l exp(ﬂ’_kﬂt) (17b)
Cp eXp(4,t)
6k+| EXp(ﬂ_wlt)

It is usual practice to assume a No-Ponzi Game solution, so that unstable paths are
eliminated from the set of acceptable solutions. In order to eliminate the unstable
paths it is first necessary to discuss the stability properties associated with the

different eigenvalues.

13



Definition 2: Consider the dynamical system in continuous time given by
y=M(y-y’). If Ais an eigenvalue of M, then we say that 1 is a stable eigenvalue if

the real part of A is negative. We say that A is an unstable eigenvalue if the real part
of A4 is positive.

Assume that there are Kk, (<k)stable real-valued eigenvalues and I (<1) complex

conjugate pairs of stable complex-valued eigenvalues. In order to ensure stability we
can then set to zero the arbitrary constants associated with the unstable eigenvalues in
equation (17a), thus eliminating all unstable eigenvalues and associated eigenvectors.
Let us first consider the case when all stable eigenvalues are real-valued.
Then, after elimination of the unstable eigenvalues, the solution to this dynamical

system can be written in the form:

yl_YI
Y C,exp(At)
. C, exp(A,t)
Yo =Yoo |=[V(R) V(&) - v(A)] T (17¢)
Yi, 1 _ Yi, 11 C, exp(4 1)
Y — y;

where the C,'s are all real-valued. In general, we can use the predetermined values

of k, variables, say y,Y,,...Y, , to determine values for the arbitrary constants,
C..C,,...,C, . Following an unanticipated shock, the steady state value of y will
change and the remaining variables, 'y, .;, ¥, .5, ¥, , Will jump instantaneously to the

new stable solution. This is the result of Blanchard and Kahn, which can be
summarized in the following proposition:
Proposition 6: If there are m real-valued stable eigenvalues then there are m

corresponding arbitrary constants, associated with these stable eigenvalues. Since
each of these arbitrary constants is real-valued and hence determined by one

14



parameter, these m arbitrary constants can be uniquely determined by precisely m
predetermined variables.

We next consider the case when all stable eigenvalues are complex-valued and hence
come in complex conjugate pairs. Then, after elimination of the unstable eigenvalues,

the solution to this dynamical system can be written in the form:

y1,1 - y;l
Yi2 — Y12 C, exp(4t)
" C, exp(A4t)
y|s,1 - y|s,1 = T .
S Eva v@ - ovay vay | (17d)
Y, 2 yI:,z CIs exp(/115t)
Yo 11 _ Yai, 1 (:s exp(Zst)
Yor = Ya

The arbitrary constants, the C,'s, come in complex conjugate pairs with the

value of each pair being determined by two arbitrary constants. Hence, in general, we

can use the predetermined values of 2, variables, say VY, Y,y .Y 1, Y 00 1O

determine values for the arbitrary constants, C,,C,, ..., C, (fl . This is the extension of

the Blanchard and Kahn results to complex-valued eigenvalues and can be
summarized in the following proposition:

Proposition 7: If there are m complex conjugate pairs of stable eigenvalues (making a
total of 2m complex-valued stable eigenvalues) then there are m corresponding
complex conjugate pairs of arbitrary constants (making a total of 2m arbitrary
constants) associated with these 2m stable eigenvalues. Since the arbitrary constants
come in complex conjugate pairs and hence each pair is determined by two
parameters, these 2m arbitrary constants can be uniquely determined by precisely 2m
predetermined variables.

The Blanchard and Kahn results also carry over to the situation where there

are both real-valued and complex-valued eigenvalues. Then, in order to ensure a

15



unique solution, the same number of predetermined variables will be required as the

sum of both stable real-valued and stable complex-valued eigenvalues.

4. EXAMPLE IN DISCRETE TIME

The basic model of Section 2 can be rewritten in discrete time as follows:

Pra— P = (X -X) +%(m_ P) (18a)
e, —e =—l(rﬁ— p,) (18b)
t+1 t ﬂ t

Xoa =% =1[6(6, — p) — %] (18c)

This can be expressed in matrix form as:

Pa— P p—-p
e.,—€¢ |=B| e—-¢ (19a)
X=X X =X

where an asterisk denotes the corresponding steady-state value, and where

1-% 0 o
B=| & 1 0 (19b)
—-né no 1l-n

We can now proceed as we did for the continuous-time case. First we
consider the general case when S <o where the characteristic equation is given by:
1-%— 0 a

+ 1-2 0 (20)
=/ no 1-n-A4

c(1)=

We first focus on the limiting case as S —o where the characteristic

equation satisfies:

16



1-4 0 o,
c(A)=| 0 1-1 0
-n6 no l-n-A2
=(1-A1-AL-7-21)+na, 51— 1)
=(1-D[A*+(-2)A+ Q-1 +nad)] (21a)

Hence, as f — «, the eigenvalues of the system are given by:

2-nx.n° -4
hi=1;and 2,2, = 27N 200 (21b)

It will again be observed that if the eigenvalues are complex-valued then they will
come as a complex conjugate pair. The last two eigenvalues, A, and A,, are
complex-valued whenever r° —4na,6 <0, that is whenever 7 <4a,5. In discrete-
time models, an eigenvalue is associated with stable dynamics if and only if the
absolute value of the eigenvalue is strictly less than one. In the case when 4, and 4,
are complex valued, their absolute values are also strictly less than one whenever

(2-n)’+4na, s -1’
4

=1-n+nao <1, that is, whenever «,6<1. Hence, as

p—>o, 4, and Aare stable and complex-valued whenever 7 <46 <4. This

means that stable, complex-valued eigenvalues are also likely to arise under

appropriate parameter configurations when f <.

Table 2
Values of Eigenvalues for Different Values of 7 : Example in Discrete Time

(Unstable eigenvalues are preceded by an asterisk)

d A i A
0.25 *1.52 0.37-0.61i 0.37+0.61i
0.5 *1.63 0.18-0.78i 0.18+0.78i
1.0 *1.74 -0.12-0.95i -0.12+0.95i
2.0 *1.84 *-0.67-1.01i *-0.67+1.01i
4.0 *1.92 *-1.10 *-2.31
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We can investigate this further by applying the same parameter values as were
used to generate Table 1 and considering the eigenvalues generated as # is allowed to
vary. The results in Table 2 demonstrate that, in the discrete time case, it is possible
to generate unstable eigenvalues when 7 is chosen too large. However it is still
possible to generate stable complex-valued eigenvalues over a range of parameter
values and, once again, these complex-valued eigenvalues come in complex conjugate
pairs.

The rest of the analysis is restricted to the case where there is one unstable

real-valued eigenvalue (4,) and two stable complex-valued eigenvalues (4, and 4,).
Irrespective of whether the A 's are real-valued or complex-valued, the eigenvectors

of the system are given by:

a4 -1)
v(4) = oy (22)

(4 =D, + S - A]

and the general solution to the system is given by:

pt_p* Cl(ﬂl)t
e —e |=[V(h) V(L) V(&)] C,(4) (23a)
X =X C,(4)

where C,;,C, and C, are yet-to-be-determined constants, which may be real-valued or

may be complex-valued.

Since A, has absolute value greater than one and so is unstable, the stable

solution is given by setting C, =0 so that:

*

pt:p* B C,(4)
e—¢e |=[v(4) Vv(4)] t (23b)
XI_X* C3(ﬂ3)
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In Section 2, we discussed how, whenever A4, and A, are complex-valued,

then they come as a complex conjugate pair and the corresponding eigenvectors also

come as a complex conjugate pair. Assuming that A, =—u, +ig, and that

Ay =—p, —ip, , we can write 4, and A, in the form:

A, = pexp(id) = p(cos@ +isin ) (24a)
and Ay = pexp(—if) = p(cos@—isin o) (24b)
where p =./u’+u? and @ =arctan (ﬂ]

Hy
Then,
(4,) = p'exp(iot) = p' (cost +isin bt) (25a)
(%) = p'exp(-i6t) = p'(cosét —isin 6t) (25b)

So that (22)t and (/13)t are also complex conjugates. By a similar argument to the

continuous-time example, it is necessary and sufficient that C, and C, also form a

complex conjugate pair in order for the solutions to p, e and x to be real-valued.

Hence, the solution can be written in the form:

P — p* ; t
€, —e* :I:V(ﬂ«z) V(/Tz)jl (Da +!Db)(ﬂ;2)t (26)
. (D, -iD,)(%)

As in the continuous time case, the constants, D, and D,, can then be chosen

consistent with the initial values of p and x, ensuring a unique solution. Once again,
as a consequence of the complex eigenvalues, this solution will have cyclic properties.
It is important to note that, as for the continuous-time case, the Blanchard and Kahn
results only carry through in the discrete time case with complex-valued eigenvalues

because of the requirement that, in order for the endogenous variables, p, e and x, to
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be real-valued, it is necessary and sufficient for the coefficients, C, and C,, to form a

complex conjugate pair.

5. GENERAL CASE IN DISCRETE TIME

Now consider the general discrete-time linear dynamical system of the form:

Yei =Y =My, -y) (27)

nx1 nx1

Once again, we assume that the n eigenvalues of M are all distinct so that the
corresponding eigenvectors are also distinct and linearly independent.

The properties of complex-valued eigenvalues described in Propositions 1 and
2 remain relevant and valid. In order to accommodate the way that eigenvalues come
explicitly into the solution in the discrete case, Proposition 3 is replaced by
Proposition 3’:

Proposition 3’: If A and A are a complex conjugate pair of complex-valued numbers,
then (l)t and (ﬂf)t also form a complex conjugate pair of complex-valued numbers.

Assume that M has k real-valued eigenvalues and 2| complex-valued
eigenvalues, making a total of n=k + 2l distinct eigenvalues and eigenvectors. Then

the general solution to the system of equations given by (27) is of the form:
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*

yl,t -Y

Yt = Yk
yk+1,l,t - Yk+1,1

yk+l,2,t - Yk+1,2

yk+|,1,t - yk+|,1

*
yk+|,2,t - Yk+|,2

[v(4)

V(4) V(i) V()

V(2'k+|) V(ﬂ_“k+l):|

C.(4)
Ce(4)
Ck+l,l (ﬂ;kJrl)t
Ck+1,2 (ﬂ’kﬂ)t

Ck+|,l(ﬂ’k+l )t
Ck+|,2 (ZKH )t

(28a)

We can associate a coefficient to a particular eigenvalue in an analogous way to that

defined in Definition 1. Propositions 4 and 5 continue to remain valid so that the

coefficients associated with real-valued eigenvalues are real-valued and the

coefficients associated with complex-valued eigenvalues come in complex conjugate

pairs. The last matrix in equation (28a) can then be rewritten as:

Cy(4)

Co(4)
(EkJrl(ﬂ'_kJrl)t
CkJrl(ﬂ’kJrl)t

(ik+| (ﬂ'_kJrl )t
Ck+| (ﬂ’k+| )t
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Stability is defined differently for discrete-time systems than it is for
continuous-time systems as follows:

Definition 2’: Consider the dynamical system in discrete time given by
Yo —Y =M(y,-y’). If Zis an eigenvalue of M, then we say that 1 is a stable
eigenvalue if the absolute value of A is strictly less than 1. We say thatAis an

unstable eigenvalue if the absolute value of A is strictly greater than 1.

Once again, in order to consider the case of an unanticipated shock, all
unstable solutions can be eliminated from equations (28a-28b) by setting the
appropriate coefficients to zero. Then, as for the continuous-time case, we can
consider separately the cases when, firstly, all stable eigenvalues are real-valued and,
secondly, when all stable eigenvalues are complex-valued. This yields Propositions 6
and 7 as in the continuous-time case. In each case, a unique solution is achieved by
choosing the same number of predetermined variables as there are stable eigenvalues.
The Blanchard and Kahn results also carry over to the discrete-time case where there

Is a combination of both real-valued and complex-valued eigenvalues.

6. CONCLUSION

Blanchard and Kahn have shown that a linear dynamical system can have a
unique solution if it has the same number of predetermined variables as it has stable
eigenvalues and, hence, if it has the same number of “jump” variables as it has
unstable eigenvalues. In this paper, we have established that these results also carry
through for linear dynamical systems where some of the eigenvalues are complex-
valued. We have shown that the crucial reason why the results continue to hold for
complex-valued eigenvalues is because, in order to ensure that the solutions for the

endogenous variables are real-valued and thus have an economic interpretation, the
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coefficients associated with each complex conjugate pair of eigenvalues must also
come in complex conjugate pairs.

Since the conclusion of this paper supports the Blanchard and Kahn results it
Is reasonable to ask whether any reasonable interpretation of their paper could be
consistent with them having demonstrated their result for complex-valued
eigenvalues. Examination of Blanchard and Kahn’s results shows that at no point did
they explicitly address the possibility that the eigenvalues could be complex-valued.
Furthermore, if we make the most generous interpretation of their analysis and assume
that the eigenvalues and corresponding coefficients could be interpreted as complex-
valued, then at no point do they demonstrate that their results only carry through in
the complex case when the coefficients come in complex conjugate pairs. Hence, it is
fair to conclude that Blanchard and Kahn’s paper only satisfactorily proved their
results for the case when all eigenvalues are real-valued.

This paper makes a contribution by using an extension of the Dornbusch
(1976) model to provide a specific example of the calculation of “jumps” when
eigenvalues are real-valued and then by explicitly demonstrating how the Blanchard
and Kahn conclusions can be justified for dynamical systems with complex-valued
eigenvalues. Examples with just one complex conjugate pair of stable eigenvalues
and a general n-dimensional model have been presented for both the continuous-time
and discrete-time cases. Readers should note that, while the results presented here are
for the case of a sudden unanticipated shock, it is also possible to show, using a
similar analysis to that presented here, that corresponding results carry through for an
anticipated shock, which is announced now, but does not occur until some time in the

future.
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APPENDIX
There is one crucial idea required to establish that the Blanchard and Kahn
results carry through to dynamic systems with complex-valued eigenvalues: the
coefficients associated with a complex conjugate pair of eigenvalues must themselves
be complex conjugates. This idea is summarized in Propositions 4 and 5. In this
Appendix we establish these propositions for the general (n-dimensional) case.
Consider first the case where the solution has k real-valued eigenvalues and 2|
complex-valued eigenvalues and so is of the form given by equation (17a). Then the
following vector is real valued:
u, =exp(4,)v(4,), for h=12, ..,k (A.1la)
Furthermore, the following vectors are complex-valued
W,y + Wy, = exp(,, V(A (A.1b)

and W, —iw, =exp(4, V(4,;), for j=12,.1 (A.1c)

Furthermore, let

C,=C,+iC,, for h=12,...,k (A.2a)
Ck+j,1 = lea +icjlb , for j=12,..,1 (A.2b)
Ciij2=Ca +iCyy, forj=12,..1 (A.2¢)

Then, in order that the solutions to the dynamical system are real-valued, it must be

the case that the imaginary part of the following equation is zero:

Kk |
> Uy (Cpy +1Cyy) + 2 [ (W +iWy)(Cpy +C ) + (W — 1wy )(C iy, +iC) | (A30)
h=1 =1

]
I

k
Hence, U, Cy +2 [ Wi (Cyp +C ) + Wy (Cjp —Cp0) | =0 (A.3b)
h=1

j=1
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Since w,; and w,; are linear combinations (with complex-valued coefficients) of

v(4,;) and v(/TkH.) it follows from the linear independence of v(4,), v(4,,;) and

V(4,,;) that:
Cy,=0, for h=1,2,...,k (A.4a)
Cis+Cip =0, for j=1,2,...1 (A.4b)
and Cia—Cja =0, for j=1,2,...,1 (A.4c)

In other words, to ensure real-valued solutions for all the endogenous variables, it is

necessary and sufficient that C, is real-valued for h=1,2,...,k and also that C,
and C,;, form a complex conjugate pair and so are of the form:
Ck+j,1 =D, + iDbj for j=1,2,...,1 (A.52)
Ci.j2 =D, —iD, for j=1,2,...,1 (A.5b)

This establishes Propositions 4 and 5 for the General Case in continuous time.

Similar Propositions can be established for the General Case in discrete time.
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