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Abstract

This paper explores sample size requirements for the estimation of SUR mod-
els by (two-stage) feasible generalized least squares, maximum likelihood and
Bayesian methods. It is found that the sample size requirements presented
in standard treatments of SUR models are incomplete and potentially mis-
leading. It is also demonstrated that likelihood-based methods potentially
require larger sample sizes than does the two-stage estimator considered in
this paper.



1 Introduction

The seemingly unrelated regressions (SUR) model [17] has become one of
the most frequently used models in applied econometrics. The coefficients of
individual equations in such models can be consistently estimated by ordinary
least squares (OLS) but, except for certain special cases, efficient estimation
requires joint estimation of the entire system. System estimators which have
been used in practice include two-stage methods based on OLS residuals,
maximum likelihood (ML), and, more recently, Bayesian methods; e.g. [11, 2].
Various modifications of these techniques have also been suggested in the
literature; e.g. [14, 5]. It is somewhat surprising, therefore, that the sample
size requirements for joint estimation of the parameters in this model do not
appear to have been correctly stated in the literature. In this paper we seek
to correct this situation.

The usual assumed requirement for the estimation of SUR models may
be paraphrased as the sample size must be greater than the number of ex-
planatory variables in each equation and at least as great as the number of
equations in the system. Such a statement is flawed in two respects. First,
the estimators considered sometimes have more stringent sample size require-
ments than implied by this statement. Second, the different estimators may
have different sample size requirements. In particular, for a given model
the maximum likelihood estimator and the Bayesian estimator with a non-
informative prior may require larger sample sizes than does the two-stage
estimator.

To gain an appreciation of the different sample size requirements, con-
sider a 4-equation SUR model with 3 explanatory variables and a constant
in each equation. Suppose that the explanatory variables in different equa-
tions are distinct. Although one would not contemplate using such a small
number of observations, two-stage estimation can proceed if the number of
observations (T ) is greater than 4. For ML and Bayesian estimation T > 16
is required. For a 10-equation model with 3 distinct explanatory variables
and a constant in each equation, two-stage estimation requires T ≥ 11 —
the conditions outlined above would suggest that 10 observations should be
sufficient — whereas ML and Bayesian estimation need T > 40. This last
example illustrates not only that the usually stated sample size requirements
can be incorrect, as they are for the two-stage estimator, but also just how
misleading they can be for likelihood-based estimation.

The structure of the paper is as follows. In the next section we intro-
duce the model and notation, and illustrate how the typically stated sample
size requirement can be misleading. Section 3 is comprised of two parts.
The first part of Section 3 derives a necessary condition on sample size for
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two-stage estimation and provides some discussion of this result; the second
part illustrates the result by considering its application in a variety of differ-
ent situations. Section 4 derives the analogous result for ML and Bayesian
estimators. It is also broken into two parts, the first of which derives and
discusses the result, while the second part illustrates the result by examin-
ing the model that was the original motivation for this paper. Concluding
remarks are presented in Section 5.

2 The Model and Preliminaries

Consider the SUR model written as

yj = Xjβj + ej, j = 1, . . . , M, (1)

where yj is a (T × 1) vector of observations on the dependent variable for
the jth equation, Xj is a (T ×Kj) matrix of observations on Kj explanatory
variables in the jth equation. We will assume that each of the Xj have
full column rank. It will also be assumed that the (TM × 1) continuously
distributed random vector e = [e′1, e

′
2, . . . , e′M ]′ has mean vector zero and

covariance matrix Σ⊗ IT . We are concerned with estimation of the (K × 1)
coefficient vector β = [β′

1, . . . , β′
M ]′, where K =

∑m
j=1 Kj is the total number

of unknown coefficients in the system.
The OLS estimators for the βj are

bj = (X ′
jXj)

−1Xjyj, j = 1, . . . , M.

The corresponding OLS residuals are given by

êj = yj −Xjbj = MXj
yj, (2)

where MA = I−A(A′A)−1A′ = I−PA for any matrix A of full column rank.
We shall define

Ê = [ê1, ê2, . . . , êM ].

The two-stage estimator for this system of equations is given by

β̂ = [X̂ ′(Σ̂−1 ⊗ IT )X̂]−1X̂ ′(Σ̂−1 ⊗ IT )y, (3)
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where the (TM ×K) matrix X̂ is block diagonal with the Xj making up the
blocks, y = [y′1, y

′
2, . . . , y′M ]′, and1

T Σ̂ = Ê ′Ê.

Clearly, β̂ is not operational unless Σ̂ is non-singular and Σ̂ will be singular
unless the (T ×M) matrix Ê has full column rank. A standard argument

is that Ê will have full column rank with probability one provided that (i)
T ≥ M , and (ii) T > kmax = maxj=1,... ,M Kj. Observe that (ii) is stronger
than the T ≥ kmax requirement implicit in assuming that all Xj have full
column rank ; it is required because for any Kj ≥ T the corresponding êj is

identically equal to zero, ensuring that Σ̂ is singular. Conditions (i) and (ii)
can be summarized as2

T ≥ max(M, kmax + 1). (4)

That (4) does not ensure the non-singularity of Σ̂ is easily demonstrated
by considering the special case of the multivariate regression model, arising
when X1 = . . . = XM = X∗ (say) and hence K1 = . . . = KM = k∗ (say). In
this case model (1) reduces to

Y = X∗B + E,

where

Y = [y1, y2, . . . , yM ],

B = [β1, β2, . . . , βM ],

E = [e1, e2, . . . , eM ], (5)

and

T Σ̂ = E ′E = Y ′MX∗Y.

1A number of other estimators of Σ have been suggested in the literature; they differ
primarily in the scaling applied to the elements of Ê′Ê (see, for example, the discussion
in [13, p.17]), but Σ̂ is that estimator most commonly used. Importantly, Σ̂ uses the same
scaling as does the ML estimator for Σ, which is the appropriate choice for likelihood-based
techniques of inference. Finally, Σ̂ was also the choice made by [12] when deriving exact
finite-sample distributional results for the two-stage estimator in this model. Our results
are consequently complementary to those earlier ones.

2Sometimes only part of the argument is presented. For example, [6, p.627] formally
states only (i).
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Using a full rank decomposition, we can write

MX∗ = CC ′,

where C is a (T × (T − k∗)) matrix of rank T − k∗. Setting W = C ′Y , we
have

T Σ̂ = W ′W,

whence it follows that, in order for Σ̂ to have full rank, the ((T − k∗)×M)
matrix W must have full column rank, which requires that T − k∗ ≥ M or,
equivalently, that3

T ≥ M + k∗. (6)

In the special case of M = 1, condition (6) corresponds to condition (4), as
k∗ = kmax. For M > 1, condition (6) is more stringent in its requirement on
sample size than condition (4), which begs the question as to whether even
more stringent requirements on sample size exist for the two-stage estimation
of SUR models. It is to this question that we turn next.

3 Two-Stage Estimation

3.1 A Necessary Condition and Discussion

Our proposition is that, subject to the assumptions given with model (1),

two-stage estimation is feasible provided that Σ̂ is non-singular. Unfortu-
nately, Σ̂ is a matrix of random variables and there is nothing in the as-
sumptions of the model that precludes Σ̂ being singular. However, there are
sample sizes that are sufficiently small that Σ̂ must be singular and in the
following theorem we shall characterize these sample sizes. For all larger
sample sizes Σ̂ will be non-singular with probability one and two-stage es-
timation feasible. That Σ̂ is only non-singular with probability one implies
that our condition is necessary but not sufficient for the two-stage estimator
to be feasible; unfortunately, no stronger result is possible.4

3It should be noted that condition (6) is not new and is typically assumed in discussion
of the multivariate regression model; see, for example, [1, p. 287], or the discussion of [4]
in an empirical context.

4A necessary and sufficient condition is only available if one imposes on the support
of e restrictions which preclude the possibility Σ̂ being singular except when the sample
size is sufficiently small. For example, one would have to preclude the possibility of either
multicollinearity between the yj or any yj = 0, both of which would ensure a singular Σ̂.
We have avoided making such assumptions here.
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Theorem 1. In the model (1), a necessary condition for the estimator (3)

to be feasible, in the sense that Σ̂ is non-singular with probability one, is that

T ≥ M + ρ− η, (7)

where ρ = rank([X1, X2, . . . , XM ]) and η is the rank of the matrix D defined
in equations (9) and (10).

Proof. Let X = [X1, X2, . . . , XM ] be the (T × K) matrix containing all
the explanatory variables in all equations. We will define ρ = rank(X) ≤
T . Next, let the orthogonal columns of the (T × ρ) matrix V comprise a
basis set for the space spanned by the columns of X, so that there exists
(ρ × kj) matrices Fj such that Xj = V Fj (for all j = 1, . . . , M).5 Under
the assumption that Xj has full column rank, it follows that Fj must also
have full column rank and so we see that kmax ≤ ρ ≤ T . It also follows that
there exist (ρ× (ρ− kj)) matrices Gj such that [Fj, Gj] is non-singular and
F ′

jGj = 0. Given Gj we can define (T × (ρ− kj)) matrices

Zj = V Gj, j = 1, . . . , M.

The columns of each Zj span that part of the column space of V not spanned
by the columns of the corresponding Xj. By Pythagoras’ Theorem,

PV = PXj
+ MXj

Zj(Z
′
jMXj

Zj)
−1Z ′

jMXj
.

Observe that, because X ′
jZj = 0 by construction, MXj

Zj = Zj giving PV =
PXj

+ PZj
or, equivalently,

MXj
= MV + PZj

.

From equation (2),

êj = [MV + PZj
]yj,

so that

Ê = MV Y + D, (8)

where

D = [d1, . . . , dM ], (9)

5Subsequently, if the columns of a matrix A (say) form a basis set for the space spanned
by the columns of another matrix Q (say) we shall simply say that A is a basis for Q.
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with

dj =

{
PZj

yj, if ρ > kj,

0, otherwise,
j = 1, . . . , M. (10)

Thus, the OLS residual for each equation can be decomposed into two or-
thogonal components, MV yj and dj. MV yj is the OLS residual from the
regression of yj on V and dj is the orthogonal projection of yj on to that
part of the column space of V which is not spanned by the columns of Xj.
Noting that Y ′MV D = 0, because MV Zj = 0 (j = 1, . . . , M), equation (8)
implies that

Ê ′Ê = Y ′MV Y + D′D. (11)

It is well known that if R and S are any two matrices such that R + S is
defined then6

rank(R + S) ≤ rank(R) + rank(S). (12)

Defining θ = rank(Ê ′Ê), δ = rank(Y ′MV Y ) and η = rank(D), equations
(11) and (12) give us

θ ≤ δ + η.

Now, MV admits a full rank decomposition of the form MV = HH ′, where H
is a (T × (T − ρ)) matrix. Consequently, δ = rank(Y ′MV Y ) = rank(Y ′H) ≤
min(M, T − ρ), with probability one, so that

θ ≤ min(M, T − ρ) + η.

Clearly, Ê ′Ê has full rank if and only if θ = M , which implies

M ≤ min(M, T − ρ) + η. (13)

If T − ρ ≥ M , equation (13) is clearly satisfied. Thus, the binding inequality
for (13) occurs when min(M, T − ρ) = T − ρ.

As noted in equation (6), and in further discussion below, T ≥ M + ρ
is the required condition for a class of models that includes the multivariate
regression model. When some explanatory variables are omitted from some
equations, the sample size requirement is less stringent, with the reduced
requirement depending on η = rank(D).

6See, for example, [10, A.6(iv)].
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Care must be exercised when applying the result in (7) because of several
relationships that exist between M , T , ρ and η. We have already noted that
ρ ≤ T . Let us examine η more closely. First, because D is a (T ×M) matrix,
and η = rank(D), it must be that η ≤ min(M, T ). Actually, we can write
η ≤ min(d, T ), where 0 ≤ d ≤ M denotes the number of non-zero dj; that is,
d is the number of Xj which do not form a basis for X.

Second, the columns of D are a set of projections onto the space spanned
by the columns of Z = [Z1, Z2, . . . , ZM ], a space of possibly lower dimension
than ρ, say ρ − ω, where 0 ≤ ω ≤ ρ. In practical terms, Zj is a basis for
that part of V spanned by the explanatory variables excluded from the j-th
equation; the columns of Z span that part of V spanned by all variables
excluded from at least one equation. If there are some variables common to
all equations, and hence not excluded from any equations, then Z will not
span the complete ρ-dimensional space spanned by V . More formally, we will
write V = [V1, V2], where the (T × (ρ−ω)) matrix V2 is a basis for Z and the
(T × ω) matrix V1 is a basis for a sub-space of V spanned by the columns of
each Xj, j = 1, . . . , M . The most obvious example for which ω > 0 is when
each equation contains an intercept. Another example, is the multivariate
regression model, where ω = ρ, so that V2 is empty and D = 0. Clearly,
because T ≥ ρ ≥ ρ−ω, the binding constraint on η is not η ≤ min(d, T ) but
rather η ≤ min(d, ρ− ω).

Note that η ≤ min(d, ρ − ω) ≤ ρ − ω ≤ ρ, which implies that T ≥
M + ρ− η ≥ M is a necessary condition for Σ̂ to be non-singular. Obviously
T ≥ M is part of (4). The shortcoming of (4) is its failure to recognize the
interactions of the Xj in the estimation of (1) as a system of equations. In
particular, T ≥ k∗ + 1 is an attempt to characterize the entire system on
the basis of those equations which are most extreme in the sense of having
the most regressors. As we shall demonstrate, such a characterization is
inadequate.

Finally, it is interesting to note the relationship between the result in The-
orem 1 and results in the literature for the existence of the mean of a two-stage
estimator. [15] show that sufficient conditions for the existence of the mean
of a two-stage estimator that uses an error covariance matrix estimated from
the residuals of the corresponding unrestricted multivariate regression model
are (i) the errors have finite moments of order 4, and (ii) T > M + K∗ + 1
where K∗ denotes the number of distinct regressors in the system.7 They
also provide other (alternative) sufficient conditions that are equally relevant
when residuals from the restricted SUR model are used. The existence of
higher order moments of a two-step estimator in a two-equation model have

7Clearly K∗ is equivalent to ρ in the notation of this paper.
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also been investigated by [8]. In every case we see that the result of The-
orem 1 for the existence of the estimator is less demanding of sample size
than are the results for the existence of moments of the estimator. This is
not surprising. The existence of moments requires sufficiently thin tails for
the distribution of the estimator. Reduced variability invariably requires in-
creased information which manifests itself in a greater requirement on sample
size.8 This provides even stronger support for our assertion that the usually
stated sample size requirements are inadequate because the existence of mo-
ments are important to many standard techniques of inference.

3.2 Applications of the Necessary Condition

In what follows we shall exploit the randomness of the dj to obtain η =
min(d, ρ− ω) with probability one. Consequently, (7) reduces to

T ≥

{
M + ω, for η = ρ− ω,

M + ρ− d, for η = d.
(14)

Let us explore these results through a series of examples.
First, η = 0 requires either d = 0 or ρ = ω (or both). Both of these

requirements correspond to the situation where each Xj is a basis for X, so
that ρ = kmax = Kj for j = 1, . . . , M .9 Note that this does not require
X1 = . . . = XM but does include the multivariate regression model as the
most likely special case. In this case, (14) reduces to

T ≥ M + k∗, (15)

which is obviously identical to condition (6) and so need not be explored
further.

Next consider the model

y1 = x1β11 + e1, (16a)

y2 = x1β21 + x2β22 + x3β23 + e2, (16b)

y3 = x1β31 + x2β32 + x3β33 + e3. (16c)

Here M = 3, ρ = 3, d = 1 and ω = 1, so that η = min(1, 3− 1) = 1. Such a
system will require a minimum of 5 observations to estimate. If β23 ≡ 0, so

8The arguments underlying these results are summarised by [14, Chapter 4].
9The equality ρ = kmax = Kj follows from our assumption of full column rank for each

of the Xj . If this assumption is relaxed, condition (15) becomes T ≥ M + ρ, which is
the usual sample size requirement in rank deficient multivariate regression models; see [9,
Section 6.4].
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that x3 no longer appears in equation (16b), then η = d = ρ−ω = 2 and the
sample size requirement for the system reduces to T ≥ 4. Suppose now that,
in addition to deleting x3 from equation (16b), we include x2 in equation
(16a). In this case, ω = d = 2 but η = ρ−ω = 1 and, once again, the sample
size requirement is 5. Finally, if we add x2 and x3 to equation (16a) and
leave equation (16b) as stated, so that the system becomes a multivariate
regression equation, the sample size requirement becomes T ≥ 6. None of the
changes to model (16) that have been suggested above alter the prediction of
condition (4), which is that 4 observations should be sufficient to estimate the
model. Hence, condition (4) typically under-predicts the actual sample size
requirement for the model and it is unresponsive to certain changes in the
composition of the model which do impact upon the sample size requirement
of the two-stage estimator.

In the previous example we allowed d and ρ− ω and η to vary but at no
time did the sample size requirement reduce to T = M . The next example
provides a simple illustration of this situation. A common feature with the
previous example will be the increasing requirement on sample size as the
commonality of regressors across the system of equations increases, where
again ω is the measure of commonality. Heuristically, the increase in sample
size is required to compensate for the reduced information available when
the system contains fewer distinct explanatory variables. Consider the two-
equation models

y1 = x1β1 + e1,

y2 = x2β2 + e2,
(17)

and

y1 = x1β1 + e1,

y2 = x1β2 + e2.
(18)

In model (17) there are no common regressors and so ω = 0, which implies
that η = min(d, ρ) = min(2, 2) = 2. Consequently, (14) reduces to T ≥
M + ρ− η = 2. That is, model (17) can be estimated using a sample of only
two observations or, more importantly, one can estimate as many equations
as one has observations.10 Model (18) is a multivariate regression model and
so T ≥ M + ρ = 3.

As a final example, if ρ = T then Y ′MV Y = 0 and the estimability of the
model is determined solely by η. From condition (14) we see that, in order

10This is a theoretical minimum sample size and should not be interpreted as a serious
suggestion for empirical work!
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to estimate M equations, we require η = M . But η ≤ ρ − ω ≤ T − ω and
so M = T − ω is the largest number of equations that can be estimated on
the basis of T observations. This is the result observed in the comparison of
models (17) and (18); it will be encountered again in Section 4, where each
equation in a system contains an intercept, so that ω = 1, and M = T − 1
is the largest number of equations that can be estimated for a given sample
size. The case of ρ = T would be common in large systems of equations
where each equation contributes it own distinct regressors; indeed this is the
context in which it arises in Section 4.

4 Maximum Likelihood and Bayesian Esti-

mation

4.1 A Necessary Condition and Discussion

Likelihood-based estimation, be it maximum likelihood or Bayesian, requires
distributional assumptions and so we will augment our earlier assumptions
about e by assuming that the elements of e are jointly normally distributed.
Consequently, the log-likelihood function for model (1) is

L = −(TM/2) log(2π)− (T/2) log |Σ| − (1/2)tr(SΣ−1), (19)

where S = E ′E. The ML estimates for β and Σ are those values which
simultaneously satisfy the first-order conditions

β̃ = [X̂ ′(Σ̃−1 ⊗ IT )X̂]−1X̂ ′(Σ̃−1 ⊗ IT )y, (20)

and

T Σ̃ = Ẽ ′Ẽ, (21)

with vec(Ẽ) = y − X̂β̃. This is in contrast to the two-stage estimator which
obtains estimates of Σ and β sequentially. Rather than trying to simultane-
ously maximize L with respect to both β and Σ, it is convenient to equiva-
lently maximize L with respect to β subject to the constraint that Σ = S/T ,

which will ensure that the ML estimates, β̃ and Σ̃, satisfy equations (20)
and (21). Imposing the constraint by evaluating L at Σ = S/T gives the
concentrated log-likelihood function11

L∗(β) = constant− T

2
log |S|.

11See, for example, [7, p.553].
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Similarly, using a prior density function f(β, Σ) ∝ |Σ|−(M+1)/2, it can be
shown that the marginal posterior density function for β is12

f(β|y) ∝ |S|−T/2.

Consequently, we see that both the ML and Bayesian estimators are obtained
by minimizing the generalized variance |S| with respect to β.

The approach adopted in this section will be to demonstrate that, for
sufficiently small samples, there necessarily exists β’s such that S is singular
(has rank less than M), so that |S| = 0. In such cases, ML estimation cannot
proceed as the likelihood function is unbounded at these points; similarly, the
posterior density for β will be improper at these β’s. Since S = E ′E, S will
be singular if and only if E has rank less than M . Consequently, our problem
reduces to determining conditions under which there necessarily exists β such
that E is rank deficient.

Theorem 2. In the model (1), augmented by a normality assumption, a nec-
essary condition for S = E ′E to be non-singular, and hence for the likelihood
function (19) to be bounded, is that

T ≥ M + ρ, (22)

where ρ = rank([X1, X2, . . . , XM ]) and E is defined in equation (5).

Proof. E will have rank less than M if there exists an (M × 1) vector c =
[c1, c2, . . . , cM ]′ such that Ec = 0. This is equivalent to the equation

Φα = 0,

where the (T × (M +K)) matrix Φ = [Y,−X] and the ((M +K)× 1) vector
α = [c′, c1β

′
1, c2β

′
2, . . . , cMβ′

M ]′. A non-trivial solution for α, and hence a
non-trivial c, requires that Φ be rank deficient. But rank Φ = min(T, M +ρ)
with probability one and so, in order for E to be rank deficient, it follows
that T < M + ρ. A necessary condition for E to have full column rank
with probability one is then the converse of the condition for E to be rank
deficient.

A number of comments are in order. First, (22) is potentially more strin-
gent in its requirements on sample size than is (14). Theorem 1 essentially
provides a spectrum of sample size requirements, T ≥ M + ρ− η, where the
actual requirement depends on the specific data set used for estimation of the
model. The likelihood-based requirement is the most stringent of those for

12See, for example, [18, p.242].
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the two-stage estimator, corresponding to the situation where η = 0. That η
can differ from zero stems from the fact that the OLS residuals used in the
construction of Σ̂ by the two-stage estimator satisfy êj = MXj

yj, whereas

the likelihood-based residuals used in the construction of Σ̃ need not satisfy
the analogous ẽj = MXj

yj.
Second, the proof of Theorem 2 is not readily applicable to the two-stage

estimator considered in Theorem 1. In both cases we are concerned with
determining the requirements for a solution to an equation of the form Ac =
0, with A = Ê = [MX1y1, MX2y2, . . . , MXM

yM ] in Theorem 1 and A = E in
Theorem 2. For the two-stage estimator, the interactions between the various
Xj are important and complicate arguments about rank. The decomposition
(11) provides fundamental insight into these interactions, making it possible
to use arguments of rank to obtain the necessary condition on sample size.
The absence of corresponding relationships between the vectors of likelihood-
based residuals means that a decomposition similar to equation (11) is not
required and that the simpler proof of Theorem 2 is sufficient.

An alternative way of thinking about why the development of the previous
section differs from that of this section is to recognise that the problems being
addressed in the two sections are different. The difference in the two problems
can be seen by comparing the criteria for estimation. For likelihood-based
estimators the criterion is to choose β to minimize |S|, a polynomial of order
2M in the elements of β. For the two-stage estimator a quadratic function in
the elements of β is minimized. The former problem is a higher-dimensional
one for all M > 1 and, consequently, its solution has larger minimal infor-
mation (or sample size) requirements when the estimators diverge.13

4.2 Applications of the Necessary Condition

In light of condition (22), it is possible to re-examine some empirical work
undertaken by [3] to investigate the effect of increasing M for fixed T and
Kj. This investigation was motivated by the work of [5]. The data set was
such that T = 19 and Kj = 3 for all j. Each Xj contained an intercept and
two other regressors that were unique to that equation. Consequently, in this
model ρ = min(2M +1, T ), so that rank(Φ) = min(3M +1, T ), and condition
(22) predicts that likelihood-based methods should only be able to estimate
systems containing up to M = (T − 1)/3 = 6 equations.14 Conversely, as

13There are special cases where the two-stage estimator and the likelihood-based esti-
mators coincide; see [14]. Obviously, their minimal sample size requirements are the same
in these cases.

14Strictly the prediction is M = [(T − 1)/3] equations, where [x] denotes the integer
part of x. Serendipitously (T − 1)/3 is exactly 6 in this case.
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demonstrated below, condition (14) predicts that two-stage methods should
be able to estimate systems containing up to M = T − 1 = 18 equations.
This is exactly what was found. Although the two-stage estimator for the
first two equations gave relatively similar results for M all the way up to
18, the authors had difficulty with the maximum likelihood and Bayesian
estimators for M ≥ 7. With maximum likelihood estimation the software
package SHAZAM ([16]) sometimes uncovered singularities and sometimes
did not, but, when it did not, the estimates were quite unstable. With
Bayesian estimation the Gibbs sampler broke down from singularities, or got
stuck in a narrow nonsensical range of parameter values.

The statement of condition (14) implicitly assumes that the quantity of
interest is sample size. It is a useful exercise to illustrate how (14) should
be used to determine the maximum number of estimable equations given
the sample size; we shall do so in the context of the model discussed in
the previous paragraph.15 To begin observe that (i) d = M , because each
equation contains two distinct regressors; (ii) ω = 1, because each equation
contains an intercept; and (iii) ρ = min(2M +1, T ), as before, so that ρ−ω =
min(2M, T − 1). Unless M > T − 1, d ≤ ρ−ω, so that η = d, and condition
(14) reduces to T ≥ M + ρ − d. Clearly, condition (14) is satisfied for all
T ≥ M + 1 in this model, because d = M and T ≥ ρ by definition. Next
suppose that M > T − 1. Then η = ρ − ω = T − 1 < M = d and (14)
becomes M ≤ T − ω = T − 1. But this is a contradiction and so, in this
model, the necessary condition for Σ̂ to be non-singular with probability one
is that M ≤ T − 1.16 It should be noted that this is one less equation than
predicted by condition (4), where T ≥ M will be the binding constraint, as
19 = T > kmax + 1 = 3 in this case.

15The final example of Section 3 is similar to this one except for the assumption that
ρ = T , which is not made here.

16An alternative proof of this result comes from working with condition (13) directly
and recognizing that the maximum number of equations that can be estimated for a given
sample size will be that value at which the inequality is a strict equality. Substituting for
d = M , ρ = min(2M + 1, T ) and η = min(d, ρ− ω) in (13) yields

M ≤ min(M,T −min(2M + 1, T )) + min(M,min(2M + 1, T )− 1),

which will only be violated if

T −min(2M + 1, T ) + min(2M + 1, T )− 1 = T − 1 < M,

as required.
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5 Concluding Remarks

This paper has explored sample size requirements for the estimation of SUR
models. We found that the sample size requirements presented in standard
treatments of SUR models are, at best, incomplete and potentially mislead-
ing. We also demonstrated that likelihood-based methods potentially require
much larger sample sizes than does the two-stage estimator considered in this
paper.

It is worth noting that the nature of the arguments for the likelihood-
based estimators is very different to that presented for the two-stage esti-
mator. This reflects the impact of the initial least squares estimator on the
behaviour of the two-stage estimator on the structure of the problem.17 In
both cases the results presented are necessary but not sufficient conditions.
This is because we are discussing the non-singularity of random matrices and
so there exists sets of Y (of measure zero) such that Σ̂ and Σ̃ are singular
even when the requirements presented here are satisfied. Alternatively, the
results can be thought of as necessary and sufficient with probability one.

Our numerical exploration of the results derived in this paper revealed
that standard packages didn’t always cope well with undersized samples.18

For example, it was not uncommon for them to locate local maxima of likeli-
hood functions rather than correctly identify unboundedness. In the case of
two-stage estimation, singularity of Σ̂ sometimes resulted in the first stage
OLS estimates being reported without meaningful further comment. Conse-
quently, we would strongly urge practitioners to check the minimal sample
size requirements and, if their sample size is at all close to the minimum
bound, take steps to ensure that the results provided by their computer
package are valid.
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