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“There is but one truly serious philosophical pesh| and that is suicide.
Judging whether life is or is not worth living anmbsi to answering
the fundamental question of philosophy.”

Albert Camus

“To be, or not to be: that is the question:
Whether 'tis nobler in the mind to suffer
The slings and arrows of outrageous fortune,
Or to take arms against a sea of troubles,
And by opposing end them? To die: to sleep;
No more; and by a sleep to say we end
The heart-ache and the thousand natural shocks
That flesh is heir to, 'tis a consummation
Devoutly to be wish'd. To die, to sleep;
To sleep: perchance to dream: ay, there's the rub;
For in that sleep of death what dreams may come
When we have shuffled off this mortal coil...”

William Shakespeare
“Live long and prosper!”
Spock

1. INTRODUCTION

At the most basic level of decision-making, eaclu®imust decide whether or not to
continue living (“to be, or not to be”). Moreovelecisions we make early in our lives
can have a significant impact on how long we expedive. Thus, either directly or
indirectly, people dochoose their expected longevity. Recent empirical worl, b
Smith et al (2001), supports the position that individuals arell aware of the
implications of their decisions on longevity. Thehoice can potentially influence
savings, investment, and growth. Although this rbayquite well understood at an
intuitive level, until recently, this choice, ang effects on growth and welfare, have

not been analysed directly by economists.

In this paper we examine this choice directly weay simple two-period overlapping
generations model with production (based on Diam@®@#5)) which is standard in

every way except that individuals have the abtlityhoose whether or not to be alive



in the second period of their lives. A crucial erhin the model is the agents’
assessment of what happens to their utility if tobhgose not to live in the second
period (“what dreams may come when we have shufffédhis mortal coil”). We
denote this by a parameterif the value of this parameter is large enoughatred to
the utility they would achieve in their second pdrin equilibrium if they stay alive
(“the slings and arrows of outrageous fortune”)ntl{at least) some agents would
prefer to exit (“to take arms against a sea oflites, and by opposing end them”).
With logarithmic preferences, as we consider hinere always exists a critical value

of xOR, above which some would make this choice.

We show that the general equilibrium consequencesths choice, and its
implications for growth, can be quite significalt.particular, in the standard model,
if the initial value of capital per worker is smahough, then some agents would
choose to exit — no matter what vabkigakes — along the transition path. Moreover,
whenever some agents choose to exit, the numbsteatly state equilibria depends
critically on the value of capital’'s share of incem . If a <0.5 then the equilibrium
transition function is concave, and only one statéady state equilibrium exists —
with a strictly positive value of the capital stodk a >0.5 then the equilibrium
transition function in convex for low values of thapital stock, and the steady state
equilibrium at the origin is stable. ¥ is high enough, then the equilibrium at the
origin is theunique steady state equilibrium. Otherwise, a locallybkasteady state

equilibrium, with a positive value of the capitébek, also exists.

In general, regardless of the valueaf in the equilibria of this model, higher values
of capital and income are associated with longegraye life expectancy. This
positive relationship between these two varialdesomething commonly observed in

empirical studiesand reflects a two-way causality in the model: whedividuals

! See, for example, the classic work by Preston %1 9%he survey by Deaton (2003), and the recent
study by Soares (2007).



earn more income, they choose to live longer, ahénaindividuals choose to live
longer they choose to save more — which increasesme in general equilibrium

(“live long and prosper”).

We also characterize efficient allocations, wher@lanner maximizes surplus in
steady states by choosing consumption allocatibns,where individuals have the
choice of whether or not to live in the second @eariOnce again, the value »is a
crucial determinant of the optimal allocationsx it below a threshold value then the
planner would allocate consumption to ensure tHahdividuals live in the second
period. Otherwise, the efficient allocation is anewhich all individuals choose to
exit. In particular, we show that it is never effiat for some individuals to exit while
others do not, in the steady state. Finally, wenstitat the key results of the model
are robust to two extensions: allowing agents toosk exit probabilities for the
second period, and introducing public health inag wimilar to Chakraborty’s (2004)
study.

Related Literature

Most commonly, when considering the issue of loftyetheorists assume that an
individual's expected lifetime is independent ofs hilecisions. Following Yaari
(1965), for example, many researchers have mod#iiedas a parametric probability
of surviving from one period to the next. This aaption allows for comparative
dynamic analysis of the effects of changes in frasameter upon growthOther
researchers have acknowledged the endogeneitysgbribbability and incorporated it
into their theory by making it a function of aggagg variables, which are beyond the
control of individuals. For example, ChakrabortY)@2) models this probability as

being a function of the level of public health emgitures®

2 See, for example, Ehrlich and Lui (1991), Kaleffiean (2002), and Zhamtial (2003).
% See, also, Blackburn and Issa (2002).



Some research has concentrated on the choicepdbale make that affect their
longevity, but without drawing out the implicatiorfer growth. For example,
Grossman (1972) developed a continuous time madehich each individual invests
in her own health capital, and where death occurenahealth capital falls below a
certain threshold. Ehrlich and Chuma (1990), ineannometric study, specified a

demand function for longevity.

Blackburn and Cipriani (2002) analysed the decismnocess in a three-period
overlapping generations model with human capitatjlity, and child-rearing. In that

paper, the probability of survival is modelled adsedavioural function, with the level
of human capital as its sole argument. Thus, erpedbngevity is determined
indirectly through human capital choices. BecsiO@0tackles the choice directly in a
continuous time overlapping generations model, witaari-style survival

probabilities, but where the terminal date of thenping horizon for the consumer is
a choice variable. He finds that no internal solutican be found unless more
structure is imposed on the model. In particular,get an internal solution, he
introduces the unusual assumption that longevity decreasing function of energy
consumption. Bhattacharya and Qiao (2005) examingodel with both individual

and public health expenditures, and a behaviowalctfon transforming these
expenditures into length of life. Finlay (2006) sisa model similar to that in

Chakraborty (2004), but where health expenditureschosen by individuals (rather
than by a public health system) and where humaitatap the engine of endogenous
growth. In her model, life expectancy is chosenirgudly through health

expenditures, which are then translated into saiviprobabilities using the

behavioural function used in Blackburn and CiprigBD02), but where health
expenditure (rather than human capital) is the rment in the function. These last two
environments are quite complex, and numerical nusthare used to analyse the

equilibrium outcomes.



In this paper we are able to derive analytical Sohs for the equilibrium transition

function, and easily characterize behaviour in skeady state, by using a simple
framework with logarithmic preferences, a Cobb-Dasgroduction technology, and
complete depreciation. In an appendix, we alsoyaeah more general case, with

incomplete depreciation.

The remainder of the paper is structured as folldsesction 2 introduces the model
and defines the equilibrium concept used here.i@e& characterizes the properties
of the equilibrium, and analyses its comparativenaigics. Section 4 analyses
efficient allocations. Section 5 presents two esiems of the base model.
Conclusions and suggestions for further researelpaasented in Section 6. Proofs of
some of the propositions are presented in an AppefAlfdand the extension using

arbitrary depreciation values is contained in AgperB.

2. THE MODEL

Time is discrete, agents live for (at most) twoiqes, and generations overlap. In
each time period, a constant number (normalizednity) of young agents is born.
Each agent within any generation is identiealante. As is standard, we refer to
agents born in periotlas “young agents” and those surviving through pgerid as
“old agents”.All agents are endowed with one unit of labour wiyeang, and none
when old. Each young agent in periochooses whether or not to exit life (terminate
her life) at the end of periad Apart from this decision to exit, the model ig ttame

as Diamond’s (1965) growth model.

The Young Agents’ Problem

The novel feature of the analysis is the decismexit life. Letl, [0{0,1} denote an

indicator function, wherg = 1 indicates a decision by agémbade in period to exit



life at the end of periotl(i.e. at the end of the period of youth), dpnet O indicates

the decision not to exit.

We represent utility of agents born in period 01,2,...as follows:

u(c,) + pu(cy,,)  ifl, =0
U, = (1)
u(c,) +x i, =1

wherecy; is consumption when young, aeg.; is consumption when old provided
that the agent does not exit. Utility is time seyde, whereu(c) is the utility from

consuming in the period anB0 (0 the discount factor.

Here the paramet&f R is the agent’s perception of the value, in utifsexiting life
early. Thusx can be interpreted as the opportunity cost of §vimng. We introduce
this parameter explicitly because we study circamsts where exiting may be the
most palatable choiceWe assume that all agents have a common percegpitithmis

value.

Throughout the paper we also restrict attenticlogarithmic utility:
u(c)=Inc.

We choose this specification not only because #tasmdard, and easy to work with,
but also because the decision to exit is plausithen agents are poor and not

infinitely averse to the prospect of an early dedthth more general utility, it is

* Modelling the exit choice as discrete is not fieitre in this environment. In Section 5 we conside
the problem of allowing agents to choose a proligtaf exit, from [0,1]. We show that the choiceaf
corner is always superior to any interior solution.

® Blackburn and Cipriani (2002), Becsi (2003), Cleaddarty (2004) and Finlay (2006) all set 0,
either implicitly or explicitly. This is a harmles®rmalization when individual actions do not dihec
affect the probability of exit, but not here — whéhis choice is the central focus of the studyndée
we prefer to keep this general. This also allowsafoexamination of the consequences of changes in



straightforward to show that no agent would everyose to exit iffu(0) = x. This is

ruled out by the logarithmic specification.

The period constraints for youth and old age aespectively,c, +s =w, and

C

a1 = RiS, WhereRw 1 = 1+ i IS the gross interest rate agdis savings of the

young. If an agent exits we assume for simpliditgttany savings made at timhes

discarded®

Recall that exit occurs at the end of the periodyaiith. Agents that exit face no

future decisions. Agents that do not exit triviatliyoose to consume,,, = R, s, in

the usual way, in old age. Knowing this, agentsbn periodt choose in youtls,

ci, andl;, to maximize utilityU, subject toc, +S =w,. The exit choice is discrete,

so we consider the two possible cases.

Casel;=0

This is a standard life-cycle consumption problenth the solutions:

__ b _ 1 B
St_1+ﬂWt Clt_1+'8VVt Cos1 = 1+ﬂWRt+l (2)
Substitution of (2) into (1) yields the maximizealwe function:
l&/\,t Rt+l) (3)
/J’ 1+

® of course, in this discrete case, no agent evessg®both exit and positive savings. We also get th
same general results if we use an annuity markat @hakraborty (2004). Under either specification,
the interest rate is exogenous to individuals &og tndividual choice is generically similar.



Caseli=1

In this case, to maximize (1), the agent sets , aldd soc, =w,. This implies a
maximized value function:

V, =Inw, +x (4)

This leads to the following lemma.

Lemmal: Given the wage rate; >0 and the gross interest raie, >0, young
workers choose not to exit lifé, =0, at the end of the first period if and
only if:

x< Blnw, +BINR,, + BIn B - L+ B)In(L+ §) (5)

Proof: Agents will choosd, =0 if and only ifV,, 2V,,. Using equations (3) and

(4) in this condition, one obtains (=.

Agents are indifferent between exiting or not wi{ghholds with equality. Figure 1
identifies a locus of points inw(,R ;) where agents are indifferent about the two
choices. It is easy to show that this locus iscéareggular hyperbola. Also, an increase

in x (i.e. the value of exiting early) shifts the locositwards indicating that

individuals need higher wages or interest ratehtise not to exit.
The Firms’ Problem
The firms’ problem in this model is entirely stamilaThere are many competitive

firms in this economy, and the number is normaliredinity. In any period, each

firm takes {w,,r,} as given and solves the following problem:



{Y%%}nt =Y, = (r, + 9K, ~wL,

subject to the production technology:
Y= AL
whereA > 0, anda 0 (0) To derive simple closed form solutions we assif@%

depreciationy = T Defining capital per workds, = K, /L,, the firm’s problem leads

to following standard first order-conditions inemnisive form:

W= (L-a)AK’ 6) (

R =aAKT (7)

Equilibrium

Let p, denote the fraction of young workers, in peripa@ho choosé; = 0, i.e. not to

exit. In any interior solution, where workers anglifferent about choosing to exit or

not, p, is determined where condition (5) holds with edyalThe capital market
equilibrium condition is influenced by, : since only those agents who dot exit

save,p is also the proportion of savers. Savers provigedapital for period t+1. In
equilibrium this supply must be equal to the demianatapital by firms:

kt+l = pt% (8)

The labour market equilibrium condition in this nebés perfectly standard:

" The general case withi][0,1] is developed in Appendix B. Depreciation does affect our generic
results for the number and stability of equilibridowever, it does affect the shape of the implied
Preston curve, as discussed below.



L =1 (9)

Each young agent supplies one unit of labour itiekb/, the number of agents in
each generation is normalized to unity and, in ldgrium, this is equal to the demand

for labour from firms.

A competitive equilibrium in this model, giver, is a set of wages, interest rates,

and fractions of savefaw, r,, p} and a set of allocatiods,, c,, I,, 5, k} such that

a) Individuals are maximizing utility (1) given the dget constraints, wages,
and interest rates, with behaviour given in equati®)-(5) and Lemma 1.
b) Firms are choosing capital and labor to maximizefifs, subject to the

production technology, wages and interest ratedgous (6) and (7) are
satisfied).
C) Supply equals demand in the factor markets: eguat{®) and (9) are

satisfied.

3. PROPERTIES OF THE EQUILIBRIUM

For a given proportion of saverg, , we can derive the following equilibrium

transition functiorfrom equations (2), (6), (8) and (9):

B o a
kt+1 =B m(l a)Akt (10)

10



The following lemma establishes that the equilibriproportion of savers is strictly
less than unity for small values &f, and increasing until a threshold levelis

achieved, at which poimg, =1, and all agents choose not to exit the economy.

Lemma 2 For any given configuration of parametérs 5, A, X , the equilibrium

relationshipbetween the proportion of savegss(i.e. those that do not

exit) and capital per workéx satisfies:

p=p 001 - Ok<Kk (11a)
=1« k=K, (11b)
p,=0 - k=0 (11c)
where p; = L&J[(l—a)Ak{’]l-a is the internal proportion of savers,
%
1
a’q
- 1 o , .
k= — >0 is a threshold level of per worker capital,
1-a)A P>

L 1
ﬁl—a (0' A)a
X 1+8
efl-a) (1+ ’3)/3(1-0/)

B

d fficientso, = >0, p, = >0.
and coefficientso, 17 0,

Proof: See Appendix A.

Notice that this lemma tells us that the threshold vélis positive for allxOR . By

(11a), this implies thap, <1 for some range, 0(0,k). It is also easy to show that

0p,/0x<0 and sodk /dx > 0. Intuitively, as the value of exiting life early increases,

the critical value ok for which all individuals choose not to exit early also increases:

the economy must offer more to individuals if they are to choostorexit.

11



We are now in a position to characterize the equilibrium transifimction.
Substitution of the equilibrium values pfdescribed in Lemma 2 into equation (10)

yields the following:

1 -~
- |P(@-@)A)T, D0sk <k (12a)
t+1

o, (- a)AK’, Ok, = k (12b)

Equation (12b) is the standard equilibrium transition funciiom Diamond’s model,

with logarithmic preferences and Cobb-Douglas production techmslodn our

model it describes the equilibrium only for valueskajreater than the threshold

beyond which no-one chooses to egit= 1. Equation (12a) is the transition function
when agents are indifferent to exiting or not — derived dirémtlgubstitution ofp;

from equation (11a) into equation (10).

Figures 2 and 3 illustrate the equilibrium transition functiothasinner envelope of
the loci (a) and (b) which corresponds to equations (12a) and (12kectigsfy.
These two diagrams are drawn under different assumptions aleowltre ofa , as

described in the next paragraph. In both diagrams, however atistion function is

represented by the solid line. Locus (a) applies along the ﬂqrii@(é),l?), and locus
(b) applies for aIIKzR. Along the transition path, the proportion of savers

p, = p; <1 increases with until k, =k is reached, after whiclp, =1.°

The shape of the transition path depends on the valuwe. dfocus (b) is clearly
concave, but the curvature of locus (a) dependg off a < 05, then the locus (a) is

concave, and thus the equilibrium transition function (12) is cancHws is the case

8 It is straightforward to show, from (12a) and (},2at locus (b) lies above locus (a) for Iqll<|2

and vice versa for ak, >k .

12



drawn in Figure 2. However, tr > 0.5 then the locus (a) is convex. In this case, the
transition function is convex for ak, (J[0,k), and concave for ak >k . This is the

case drawn in Figure 3.
Steady State Equilibria

A steady state equilibrium is a competitive equilibrium in whkgh=k, =k in the

transition function (12). Proposition 1 summarizes key pragsedf these equilibria.
Propositionl: Steady state equilibria have the following properties.

(1) If a<.5 then there exist two steady state equilibria, one of which is
degenerate and the other which has positive income and long€hi
degenerate steady state is unstable and the non-degenerate one is stable.
The stable (non-degenerate) equilibrium may h@wep<1 or p=1,
depending on parameter values.

(i) If a>.5 then the number of steady state equilibria dependse value of
A. The critical valueA is given by:
x(1-a) (+8)(1a)

s_e” p) *
ﬂaal—a (1_ a)a

If A< A then the unique steady state equilibrium is deggeelf A> A
then three steady state equilibria exist, two ofcWwhare stable. Of the
stable equilibria, one is degenerate and the dihsrpositive income and

longevity with p = 1.

Proof: See Appendix A.

13



If a<0.5, then only one stable steady state equilibriunstexiand it has a strictly
positive value ofk. There are two cases. In Figure 2, this steadg saepresented

by the pointB, where the locus (b) intersects the 45 degreedirlg. This figure is

drawn under the assumption that the critical vaduis smaller thark, . Hence, in this
steady state equilibrium, all agents choose neixto p =1, as is implicitly assumed

in Diamond’s model. However, as illustrated in Feu4, the model also allows for
the possibility that the locus (a) intersects tledégree line (at poimd) before it
intersects locus (b). In this case, the stead stqtilibrium is at poin#, with capital

stock k, < k. In this equilibrium, in every period, some fractiof agents chooses to
exit: p<1. In both cases, however, the unique stable stetadg equilibrium has a

positive income level — the degenerate steady staigibrium atk =0 is unstable.

If, however,a > 1/2 then multiple stable steady state equilibria meigt. The locus
(a) is convex, so the transition function in (12fonvex fork <k , and is concave for

k >k, beyond the point where locus (a) intersects Iqb)isFigure 3 illustrates how
this can generate multiple steady states, wAenA.® In this case, three steady state
values ofk exist: 0,k,, andk,, where <k, <k, . The intermediate steady stake,

is unstable and the other two are staBlkarting with anyk, >k, yields a transition

path tok, ; whereas starting witk, <k, yields a transition path to the origin. The

steady state at the origin is stable and is thestamrtcome with extreme poverty and
minimum life expectancy of Jor = 1. This poverty trap is a@eath trap for poor
economies. The poor exit after the period of yoatid do not save, perpetuating

extreme poverty® Finally, whenA< A, the (a) locus is so low that it crosses the 45

° Notice that this condition can be re-written a®striction orx, givenA, rather than the way we have
expressed it here (and in Proposition 1). Writtethis alternative way, multiple steady statestdkis

is below a threshold value (identified in the fotenin part (ii) of the Proposition). We chose tpeess
this condition in terms oA because it is more straightforward to do.

' The model gives the stark result that in the piyvenap capital and wages are zero. In this dire
situation, young agents, if they had the choiceghinprefer to exit at the beginning of the peridd o
youth. To avoid this possibility, one could extethe model by allowing young agents access to a

14



degree line beyond the poiRjin Figure 3. In this case, the unique steady state

equilibrium is at the origin — and, as before, #gglilibrium is stable.

The basic model also has interesting implicaticrstiie path of wages and interest
rates even ignoring the possibility of poverty wapNotice, for example, that,
whena <.5, the transition path in Figures 2 and 4 initidlgs on locus (a), which is
below the transition path (b) for Diamond’s modétus starting from a smak,, the
basic model displays higher interest rates, lovggregate savings, and hence lower
rates of wage growth on the transition path — ag ks locus (a) lies below locus (b).
Even if the transition path eventually joins theaDind transition path at= 1, the

overall time to converge to the steady state vélldnger than in Diamond’s model.
Income and Longevity

We now consider the implications that this moded fua the relationship between per
capita income and average longevity. In the modehts all live through youth and

the proportionp, live through old age. Thus, the average longeVitggents born &t

(i.e., the averageohort life expectancy) in the model is 1 p,. From Lemma 2 we
know that there is a threshold level of capita), above whichp, = 1 and below
which p, = p; <1. Definingy, as income per worker, we can then idenffy A(K)“

as the threshold value of corresponding tok . Using Lemma 2, we have the

following new lemma.

sufficiently attractive primitive technology thate@ds only labour (e.g. hunting/gathering or simple
agriculture). The poverty trap equilibrium in tlastended model involves society de-industrializiog
that there is a switch to the more primitive tedbgg.

15



Lemma 3 For any given configuration of parametdes 5, A, x , the equilibrium
relationship between income per workgrand average longevity of
agents 14p, born in period, is:
0Sy, <y = Ip=1tp= B(&] (Fay ¥ < :

!
v 2y = kp=2
For y, <y, average longevity is increasing yh and is strictly concave

if a<0.5, strictly convex ifa > 0.5, and linear ifa =0.5.

Figure 5 illustrates the case wherk 0.5; here, longevity is increasing and strictly
concave in income per worker below the threshptd A(k)®, and constant, at the

maximum longevity of 2 periods, for aj > ¥ .

The concave relationship in Figure 5 resembles“Breston curve”: the empirical
relationship named after Preston (1975), and studs®emewhat extensively.
However, the comparison is only suggestive becargjrically, the Preston curve is
usually expressed with different variables on tkesa The vertical axis measures life
expectancy, but does so using current survivorslata. That is, in the data, life
expectancy in period is represented by+ p,_,. Also, the horizontal axis typically
measures incomper capita, rather than incomper worker. Moreover, income per

capita averages output over the young and thengberiodt: yi/(1+px.1).

Lemma 4 For any given configuration of parametées 5, A X), the equilibrium

relationship at time between the average per capita incowl€l+p:.1),
and life expectancy, Pti, is increasing and strictly convex until the

lifespan of 1$:.,=2 is reached.

Proof: See Appendix A.

16



Along the transition path in this model, as in #reston curve, life expectancy and
per capita income move together until a threshotwine level is reached — beyond
which life expectancy is constant. However, the elgoredicts a strictly convex
relationship in these measured variables whereas Rteston curve is usually
described as concave. Recall, though, that ouic bamdel assumes 100%
depreciation. In Appendix B, we show that, withdnplete depreciation, the Preston
curve starts initially convex but may become coecas income increas&sThis is
broadly consistent with, for example, Deaton’s (@08stimation of the Preston curve,

using population-weighted nonparametric regrestohniques.
Comparative Dynamics: The Effects of Changing x

The parameter affects the equilibria in intuitive ways. First cater the case (i),
with a <0.5, in Proposition 1, where there is a unique stabdady state. Figure 6
illustrates the effect of an increase in the wtiMalue to exiting fromx to x'.
Suppose, initially, withx, the economy is in a steady state at point B ondgby and

thereforep = 1 (the same as in Figure 2). An increasex ishifts the (a) locus

downwards, but will leave the (b) locus unaffecthis will lead to an increase i.

If the increase is large enough, as in Figure @h wie increase ta', the economy
will move to a qualitatively different equilibriunsimilar to that in Figure 4, where a
fraction of agents chooses to exit after the chageagents exit this lowers the

capital stock, which reduces the wage and induaae ®xit until a lower steady state

capital is achieved at poik', where p, <1 and k, <k".

Alternatively, in case (ii), whemr >0.5, raising x sufficiently high can result in

A< A so that the only steady state equilibrium is tlegeherate one. This could

" The results of Lemma 3 are also sensitive to iteeaf the depreciation rate. When< 0.5, we find
the income-longevity relationship is initially can@ as in Figure 5 but, depending on parameter
values, can become convex.

17



cause a catastrophic decline in an economy whahexample, was originally in a

steady state with positive capital.

Viewing this somewhat differently, if an economycigrrently in an equilibrium such
as point A in Figure 4, where some fraction of plogpulation chooses not to live out
their whole lives, then a change in peoples’ bsliefreducing the value af— could
lead to growth in the medium run and increase ppita income and life expectancy
in the long run'?

Thus, it is possible in this model to generate sitp@ relationship between per capita
income and life expectancy, in steady states, Imgidering different values of In
principle, this could be thought of as another nmtetation of the Preston curve.
However, this equilibrium relationship between papita income and life expectancy
clearly reaches a critical point whgn=1 and no further reductions kxwill have any
impact on either life expectancy or per capita medn the steady state. Moreover, it
seems unrealistic to think of more advanced ecoesms being those with more

pessimism about the payoff from exit.

2 Thus, for example, St. Augustine’s decision to enalicide a sin, and Thomas Aquinas’ decision to
re-emphasize this, (making it illegal) may have Btithulative effects on the Christian economies of
the times.

13 Alternatively, one could consider the Preston euiw be generated by different valuesfoin the
steady state equilibrium of this model. This intetption is more plausible, perhaps, and has tbedd
benefit that, beyond a threshold value Affurther increments increase per capita outpuhauit
affecting life expectancy (which is at its maximwin2). Once again, though, this generates a convex
Preston curve, up to the point of the maximurdetails are available from the authors upon refjue
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4. EFFICIENT ALLOCATIONS

We now turn to consider efficient allocations imstmodel. Here, we allow agents to
make the existential choice of exiting — we considaly allocations where the

planner is restricted by individuals’ exit decisson

From the utility function we can determine how asm@tion allocations affect
individual exit choices and, thus, population clesic

if x> pu(cy) , thenl.y =1 andp.; = 0;
if x=pu(cy),then 11 < land K pr< 1
if x< pu(cy) , thenl.; =0 andp.; = 1.

The aggregate feasibility condition at tifnie:

F(Kt’ L()+ (1_ 5)Kt 2 Kt+1 + Ntcn + pt—th—lCZ—:l'

With 100% depreciation and a constant populatior, vave following intensive
relationship

f (kt) - kt+l 2Cy +P_Cy g

As a benchmark for the analysis, we consider tHdegwrule allocation. With non-

satiation, the feasibility condition holds with edjty, and in the steady state
production efficiency requirek'(k’) =1. With production efficiency, the feasibility
condition becomes:

c+pc,=f(k)-K.

To determine exchange efficiency we compare thangds problem over the three

ranges ofc, corresponding to the above exit decisions. Fisdten x < fu(cz), no
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agent exits| = 0 and p; = 1. This is the standard problem, as in Diamdrg65), and

optimality requires:

u'(c) =pu(f(k)-K -c).
Whenx > fu(cy) , all agents exik=1 and p; = 0. The planner’s problem is:

maxu(c)+x stf(k)-K =¢
G

so thatc, = f(K') -K .

In the last casex = pu(c,) , agents are indifferent about exiting. The pkrs

problem reduces to:

maxu(c)+x st f(k)-K =c¢ +pu*(x/p)
G

so thatc, = f(K')-K - pu™(x/B).

This last allocation is clearly dominated by thes® one, where all agents exit. It is
inefficient for the planner to choose a positegesuch thai = fu(c,), because agents
who do not exit receive no more utility than thabat do exit but they use up

resources. It is more efficient to lowey and thereby encourage all agents to exit.

The freed resources are used to increase consumptigouth and thereby overall
utility.

Thus, the effective choice the planner faces iwéen the Diamond case or the 100%
exit case. Whichever case is optimal depends orvahes ofx. There is clearly a
threshold value ofx, denotedx’, beyond which all agents exit. The following

proposition summarizes.
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Proposition 2. The golden-rule comprises both production andcharge efficiency

conditions. Production efficiency requireskavalue such that '(k’) =1. Exchange

efficiency depends on the exit valkeelative to a threshold valxe. Forx < x , the

planner sets;, = f(K')-K andc, =0. In this case, all agents exip=0. Forx> X,
the planner seta'(c;) = Bu'(C,) andc, +c, = f(K )-K . In this case, no agents exit:

p=1.

The golden rule requirgs = 0 orp = 1. But, as demonstrated in Section 3, steady
state equilibria may, under certain circumstanbasgep < 1. This implies that these

equilibria are inefficient.
Corollary. All steady-state equilibria with < 1 are inefficient.

The source of this inefficiency is different frorhat in the standard overlapping
generations model with production, and is unrelatedapital over-accumulation.
Consider, for example, a steady state allocatiorrevk = k but p1(0,1). By the
above reasoning this is inefficient even thoughdpobion efficiency is achieved.
Thus, the inefficiency isn't coming from the fadtat there is too much capital
investment but, rather, due to the fact that thexyenot enough first period
consumption when agents are indifferent aboutrexiith the competitive steady state.

Thus, the inefficiency is due to the number of uidiials that choose not to exit.
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5. EXTENDING THE MODEL

This section generalizes the model to consideripdidalth care (as in Chakraborty
(2004)) and to allow agents to choose savings aitgmbabilistically. We relate the
very similar choices of exiting and not investimghiealth and show two main results.
The first is that individuals would not choose nide probabilities of exit (i.e., the
discrete choice analysed above is not restrictiVbe second result is that allowing
for investment in health can reinforce the exit hadsm and generate multiple

equilibria with a lower threshold value ofthan in the base model.

As in Chakraborty (2004) we define a biologicalvsal probability ¢[1[0,1] which
is realized at the beginning of the second periddey and whereg(h ) is increasing
and concave in public health care expendithresg'(h) >0, ¢'(h) <0, ¢(0)> 0.

This probability enters consumer expected utilgyf@lows:

u(c,) +[eh) fu(c,.) +@-gh)) @] ifl, =0
U, =
U(Clt)+X Iﬂt =1

whered is the present value associated with exiting ljdllmess. In general, we can
think of the value ofl as being distinct from. For exampled < x could represent a
situation where death from poor health comes thicaugainful iliness that the agent
would prefer not to experience. Alternatively, \@duof d >x might describe
situations where wilful exit is seen as sinful,tbat death through natural causes is
preferred to death by one’s own hand. In any eventyilful exit to be an optimal
choice,d must be small enough so that ¢(h)Su(c,.,,) + (1-¢@(h))d .

Notice that, with 0 <p(h) < 1, we have a contingency that does not ariskarbasic

model. An agent may optimally choosentu exit, and so choose positive savings, but
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then die from illness anyway at the end of perioWEk assume, for simplicity, that

these agents’ savings are discartfed.

Probabilistic Choices and Equilibrium

Here, we model agents as choosing the probabiligxiting. From the perspective of

an individual, h, (and, henceg(h)) is given exogenously. Le& denote the

probability of an agent exitind{(=1) and 1+ is the probability of not exiting(=0).
Then expected utility can be written:

U, =u(c,) + & X+ (1-&)[@h) Bu(Cyphg) + (1- @) L]

Recall, exit is at the end of the period of youtterathe savings decision. If an agent
exits there are no further decisions. Otherwiseéhé& agent doesn’t exit, the agent
trivially spends all his savings in his second peérof life: c,.,, =R,,s, in the usual
way. Knowing this, agents born in peribe 012 choose savinggs, ,)Xc,), and
&, to maximize utilityU, subject toc, +s =w, andc,,, =R,;5. The following

proposition characterizes the solution of this mptation problem.

Proposition3. Given h , w; andR:. 1, it is individually optimal to either choose to:

(1) exit and not savey = 1 ands; = 0,0r

LW,
(1+p)

(i) not exit and savey = 0 ands =

Choosinge [1(0,1) is strictly inferior.
Proof. See Appendix A.

14 However, as before, we get the same general rabwes use an annuity market as in Chakraborty
(2004).
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Choosing any probability of [1(0,1)is dominated by certainty, due to the joint

decision about savinds.*® This proposition is proven assuming that the exid

savings decisions are made simultaneously. Howdévalso goes through if the exit
decision is either before or after the savingsgieni If the probabilistic exit decision
is before the end of the period, the analysis igligitly assuming a mechanism for
precommitment. This might corresponds to lifestgfmices made early in the first

period?’

Public Health Expenditure

We now examine what happens in equilibrium whgs determined, at the aggregate
level, by the government’s budget constraint. AsGhakraborty (2004), health

expenditure here is financed by a proportiomaye tax so that = w;, wherer > 0

is the wage tax rate. The following specific funati builds on Chakraborty’'s

example.

oh N
oh) = qf+1+ht’ - Osheh
1, Ohzh

15 When we allow thah,= 0 yields certain deattg (0) = 0, the results change slightly. Givep= 0,
the optimal choice requires= 0 and (i)e,=1if x> d, (i) & = 0 if x< d, or (iii) g 0J[0,1] Still, in all

cases, restricting to be discrete is nonbinding on optimizing behawidthis is equivalent to choosing
I; = 0 or 1 non-probabilistically.

'8 This proposition is robust to small errors in pigkexit. If an agent chose= 1 but knew that there
was a small probability that exit wouldn’'t happémen they would save a small amount as insurance
against the ghastly prospect of zero consumptitih. tBey would choose the corner solution.

7 Lifestyle choices could be simply modelled by mej@n argument in the period utility function. For

example, modeling first period utilitu(cy; , &), whereu, > 0 captures the possibility that exit is
associate with a “carefree” lifestyle that givesajer first period utilityeteris paribus.
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whereh =%, 0<¢’ <lando>(@1-¢). The constant/ is the probability
0’_ —

of living when h; = 0; i.e. when health care expenditures are zero. The function

¢@(h) is strictly concave in up to the maximum valge=1 corresponding tdy = h.

Lemma 2 can now be readily generalized, using afogous proof.

Lemmab: For any given configuration of parametdrs, 5,A,x,d), and given

value of h, a threshold value of capital stodk exists, and the

equilibrium relationshigetween the proportion of savegxs(i.e. those
that do not exit) and capital per workesatisfies:

ptzpt* - 0<k <k, (13a)

p,=1 < k=k,, (13b)

where p; =(%J[(1‘0)(1‘T)AKH]MLH is the internal proportion of

1h
savers, and the coefficient, and p,, are defined by:

1 1
(LA™ (@A™
x-(-pn)d O NE

g Aeh)1-a) (1+ ﬂw(h))ﬂw(h)(l-a)

By(h)
1+ Be(h)

Pn >0 and p, =

Including health expenditure in the model changesalution in three ways. First, the
effective discount rate changes frgthto B¢ ; second, disposable income is now
w, —h=w,(1-7); third, the difference between the two exit uel, x-(1-¢)d ,

affects the equilibrium proportion of savers. Bessln and ¢ are exogenous to the

individual, the results in Lemmas 3 and 4 obtairehée. the longevity is strictly

concave in wage income éf < 1/2nd the Preston curve is always strictly convex.
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From Lemma 5 the transition function can be writisn

B PR eV Y (142

pnl-a)l-D)AKS, Ok 2k, (14b)

Simulations reveal that (14a) can be strictly conwdena < 05(e.g.a = 0.43,5 =
0.3, 7=0.1,A=80,x =d = 1). Therefore, starting from a low level of thapital
stock the economy moves up along a convex locua)(lahd when capital stock
grows sufficiently, the transition function switchéo the concave locus (14b). This
convex-concave transition curve may yield multiptpiilibria as illustrated in Figure
6. The fact that the threshold value affor multiple equilibria is now reduced
indicates that public health and the individuab®ice to exit can interact in a way to
reinforce each other.

6. CONCLUSIONS

In this paper we have extended the standard (Didm@®965)) overlapping
generations model with production to allow agehe&sdhoice of whether or not to live
out the second period of their lives. Agents’ pptimns of the value of exiting life
early are crucial in this decision problem. In thaper we modelled this simply as a
parameter that is common for all agents: We found that it is relatively
straightforward to introduce this parameter inte thodel, and the results from doing
so are (we think) quite interesting. First, we haliewn that, for any value of (IR,
and for any value ofr (capital’'s share of income), given logarithmiclitytj there
always exists a range of (low) capital stock valwmbere some agents would choose
not to live out their whole lives. Thus, Diamond’s anigl model, where agents are
presumed to live out their entire lives, is resivie — at least for a certain class of

utility functions that includes the logarithmic fttion.
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Secondly, once this choice is allowed, the shap#eftransition function and the
number of steady state equilibria now depend cliyctan the value ofa : capital’s

share of income. If, as is typically presumetk 0.5, then the transition function is
concave and the economy has a unique stable sstateyequilibrium with a strictly

positive value of income per capita. This case msilar to Diamond’s but, if the

initial capital stock is below a critical value, some agents will choose to exit along
the transition path to the steady state. Moreawethe steady state equilibrium, some

agents may still choose to exit, depending on fsefibout the value of doing sa:

Whena > 0.5 this model has a convex equilibrium transitiondiion for low values
of k. This feature of the model makes its predictiongeqgifferent from those of the
standard Diamond model: it implies that the degateesteady state equilibrium is
stable, and it introduces the possibility of mu#igteady states. ¥is small enough,
then another stable steady state exists, withipesitand where all agents choose to
live out their entire lives. Otherwise, tlaly stable steady state equilibrium is the
degenerate one — where nobody chooses to livéneintsecond period®

Efficiency conditions in this model are similar those in Diamond’s, with a
comparable golden rule, but with an extra conditiether no-one should live out
their second period or everyone should. This comalitomes about because, in any
equilibrium where some fraction of agents choosesxit, individuals are indifferent
about whether or not they are alive in the secomdogd. Since being alive in the
second period is expensive (it costs some of tswoption good) a rational planner
would not allow it if agents are indifferent anyway

The model also generates equilibrium relationshgtsvéen longevity and per capita
income. In particular, as an economy develops, rdoog to this model, in
equilibrium it will experience higher levels of peapita income and highewerage

18 The relevance of the results, far> 0.5, depend, of course, on one’s view about the dize o
empirically. Estimates of this parameter depentt@n narrowly one defines capital.
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values of longevity, until a maximum longevity isached. If one is willing to
interpret international income and life expectadaja as observations along this path,
then the model generates a relationship that ipeoable to the Preston curve. This
relationship is important to understand when caerénd measures of development
that include both variablés.

How important is the exit decision to economic giiovand development? One
application that seems particularly relevant isntigenous communities in countries
with European colonizers. For example, in Austrdha, suicide rate for aboriginals is
approximately double that of others in the courdgnd the gap in life expectancy
between these two groups is approximately 17 yawdtl,aboriginal males having a
life expectancy of only 59 yearS. Lifestyle choice can play a major role in
determining health status and life expectancy, thiglis linked to overall economic
well-being.?* These communities typically suffer from chronicallyw rates of

investment and growth.

Similarly, falling incomes in former Soviet bloc watries, over the period 1989-1999
have been linked with significantly higher suicidges, alcoholism, death rates from
accidents, and a drop in life expectancy for Rusgai@n from 62 (in 1980) to 58 (in
1999)# Finally, in sub-Saharan Africa, many countrieséhéeen experiencing long
periods of negative growth — and these are prgciged countries with low life

expectancy.

19 see, for example, Usher (1980) and Beeket (2005).

2 Department of Health and Ageing (Australia) (20B&tbook 2006.

% Pincuset al (1998) argue that self management and social dondit(eg., education, job, and
lifestyles) are more important to health and altuigevity than access to health care.

22 Suicide rates increased by 60%, 80%, and 95% ssiRuLithuania, and Latvia, respectively, over
the period 1989-1999, and the death rate from aatsd(many of them involving alcohol) increased in
Russia by 83% from 1991-1999, according to the ééhiNations Development RepdFtansition
1999.
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We believe that this model sheds some light origbige of longevity and growth, but
is too simple to be offered as a quantitative thexrthis issue. Other features would
need to be added in order to take the model mareusty empirically. For example,

it is well-known that life expectancy figures ardluenced significantly by infant

mortality numbers. To take this into account, thisdel would need to be extended
by introducing a third period of life: childhoods & (for example) Blackburn and
Cipriani (2002). Secondly, as Finlay (2006) poiois, individuals also face trade-offs
between health expenditures and human capital timesgs, which can also be
important. Finally, different individuals surelyVedifferent perceptions of the value
of x, and this could potentially play a significantaaoh their decisions. We consider

each of these avenues as interesting, and leagéthkm to future research.
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APPENDIX A

Proof of Lemma 2.

We first establish that, in any timgthere exists at least one positive valu&gafcall

it IZ, for which the equality in (5) holds witp, = . Bubstitution of the firms’ first

order conditions (6) and (7) into the right handesiof (5) yields the following

expression irk, andk,;:

AIn(L-a) A7) + SIn(aAkS) + BIn B - L+ B) In(L+ j)
Setting p, = 1in (10) and substituting the result into the abexpression yields the

following function g(k, ):

g(k) = BIn(A-a)Ak?) + BIn(aA((L- a)(%)Ak{’)”_l) +BInB- 1+ B)In(d+ 5)

Differentiating:

g'(k) = b Z "0
Thus, since the right hand side of (5) is strictigreasing ink, and the left hand side
is constant, there exists a unique valuektoﬂz) beyond which further increments in
k, lead to strict inequality in (5). Hence, kf > K then p, = 1 as in (11b). Similarly,
if p, =1, then, by Lemma 1, the right hand side of (5) nhesino less than the left
hand side and, sincg'(k,) > , By the definition ofk , it must be thak, > k . Hence,
if p, =1 thenk, = k, as in (11b). The value of, given in the Lemma, is found by

solving the equatiory(k) = x.

30



Now consider an equilibriutg 0(0,k). We first show thatp, cannot equal either 1
or 0 — it must be interior. We then show that aterior p, implies (11a). Suppose

p, =1, i.e. all young agents choose to stay in the mailete g(k, )is an increasing

function of k,, with k, < k and the definition of;, the left-hand side of (5) is always

bigger than the right-hand side, so the optimahtsgy is to exit not to stay (a

contradiction). Similarly, supposp, = ,0.e., all young agents choose to exit the
model, from (10) this case leads to a zero intensapitalk,,, in period t+1. From
the firm’s first order condition (7), this impligs the limit) unboundedR,, and thus
the inequality in (5) is strict for any[0R . Therefore agents would rather stay than
exit the model in this case (a contradiction). Thim, any givenk, <k, in
equilibrium, p, O (0Y. If p, O (01), then agents must be indifferent about staying or

exiting, hence, (5) must hold with equality. Sutosion of (10) into (5), with equality,
yields (11a).

Finally, if k, =0, then, from (6),w, =0, and no income is earned in period’hus,
no capital is available for periagtl. In this case, due to the tegfiinw,, the right

hand side of (5) is unbounded from below, and dondi(5) is violated for any

XxOR. The optimal strategy is to exip, = . &imilarly, if p, = 0 then it must be that
k. =0. Suppose not, so thagl, = @&ndk >0. Any deviator who saves would

receive unbounded returns, so that (5) would hsld strict inequality, for anx IR .

Hence, the deviator would not exit apd>0 (a contradiction). This implies (11a.
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Proof of Proposition 1

Consider the following functions, from the rightnigaside of equations (12a) and

(12b) respectively:

1 a

(k) = o, ((1-a) A)ra ke
1,(k) = A (1-a) Ak

It is straightforward to show thai(k,) lies abovel, (k) for all k <k and vice versa
for all k >k. Also, I_(k)=I,(k) at two values ofk : 0 andk. The following

properties ofl (k) are well known:l, (0)=0, I (k)>0, I (k) <0, Limoh;(kt) =,
and I!{im l,(k)=0. It is also straightforward to show thatk) has the following
properties:l_(0)=0, |_(k,) >0. Moreover, ifa <0.5 thenl_ (k) <0, II&imol‘,;(kt) =00,

and Lim I.(k) =0. Also, if & >0.5 thenl (k) >0, Em0|;(kt) =0, andlltim l(k) =o0.

To prove part (i) of the Proposition, we first cales the degenerate equilibrium. By

(12a), we know that the relevant transition functior all k, D[O,IZ) is given by

k., =1,(k). Sincel_ (0)=0, thenk=0 is a steady state equilibrium. To prove that

this is unstable, consider now a deviation frons #quilibriumk, =& >0 and € < I;

then ki1 is given by, (k). Since, whemr <0.5, Em()';(kt) =oco then there exists a

small £>0 such thatl (¢)>1. Thus, using (12a)k,, >k =& . Hence, the

degenerate equilibrium is unstable.

32



We now consider two cases of non-degenerate steiady equilibria: wherp =1,
and whenp=p <1. If p=1then, by (11b) and (12b), the steady state egiiti

value k, is given byk, =1 (k). Solving this equation, we obtain:

1
k, = (pl(l—a’)A)l—a
It is easy to show that there existsAsuch thatk, >k . Hence, ifk, is a steady state
equilibrium then p=1. To prove that this equilibrium is stable, note ttha

Limoh;(kt) =0, and thatl (k) is continuous and strictly concave. Henigék ) <1.

That is, I (k) crosses thet5’ line from above. Hencek (0(0,k )= k., >k and

k >k, = k,, <k . Hence, the steady state equilibriunkats stable.

If p=p <1then, by (11a) and (12a), the steady state equitibvaluek, is given

by k, =1,(k,). Solving this equation, we obtain:

1-a
1

1 \1-2a
K, =(,02 (1-a) A)l-ﬂ]
It is easy to show that there existsAsuch thatk, <k . Hence, ifk, is a steady state
equilibrium thenp=p <1. To prove that this equilibrium is stable, notatthwhen

a<0.5, Lfrf‘o'é("r) =0, and thatl (k) is continuous and strictly concave. Hence,

I.(k,)<1 . That is, I (k) crosses the45 line from above. Hence,
k 0(0,k,)= k., >k andk >k, =k, <k . Hence, the steady state equilibrium at

k, is stable.

To prove part (ii) of the Proposition, we first ciaker the degenerate equilibrium. By

(12a), we know that the relevant transition functior all k, D[O,IZ) is given by

k., =1,(k). Sincel_ (0)=0, thenk=0 is a steady state equilibrium. To prove that
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this is stable, consider now a deviation from #giilibriumk, =&>0 ande <k,

then ki1 is given by, (k). Since, whemr >0.5, I[jm0|;(kt) =0 then there exists a

small £ >0 such thatl () <1. Thus, using (12a)k,, <k , and the degenerate

equilibrium is stable.

We now consider two cases of non-degenerate steiady equilibria: wherp =1,
and whenp=p <1. If p=1then, by (11b) and (12b), the steady state egjiilip
value k, is given byk, =I,(k,) . This is entirely equivalent to the steady state

equilibrium, analysed above, in case (i) when0.5, and p=1. Hence, there exists

1

anA such thatk, = (pl(l—a)A)ﬁ is a stable steady state equilibrium wyh=1.

If p=p <1then, by (11a) and (12a), the steady state equitibvaluek, is given

by k, =1,(k,). Solving this equation, as before, we obtain:

1-a
1

1 \1-2a
k, = [,02 ((1-a)A)p-e J
The following condition identifies values affor which k, <k :

x(1-a) 1+B)1a)

- _ B B
k <k - A>A=S " (*F)

a ,3”0’1_” (1_ a,)a

Hence, if k, is a steady state equilibrium thgm=p <1. To prove that this

equilibrium is unstable, note that, when>0.5, II({imolf;(k[) =0, and thatl, (k) is

continuous and strictly convex. Hendgk,) >1. That is,|_(k) crosses th&5’ line

from below. Hencek, [J(0,k, )= k,, <k andk >k, = k,, >k . Hence, the steady

state equilibrium ak, is unstable. Finally, notice that, < A, so thatk, >k, then
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(by (12a) and (12b)k, is not a steady state equilibrium. Hence, in tiaise, the only

steady state equilibrium is the degenerate onem

Proof of Lemma 4

Output per worker ig, = Ak . The relationship betwedq andk; is given by (10).

1

Using this relationship ang;_, = (%}[(1— a')Akt‘il]E , from (11a), yields:

1-a |9

Ao Boaame | =A B o[ A)
yt—A{pt_ll_l_lB(l O')Akt—li| = pt—11+ﬁ(pt—1) ( 2]

a 1-a
_ B ] (,olj _— g R
=A—— | || PL=A0(P)" P =P,
(1+IB p2 t-1 1 2 t-1 t—-1

where 1= Ap,(p,)°*>0.

Now, definez E% as per capita income. Thus, we have:

Pr-1
c N HPo _ = )7
z(P4) = 1rp, HP (1+ pt—l)
Simplifying notation:
2(p) = up(1+p)”
Totally differentiating:

dz=[u(1+p)" - up(1+p) “ldp
Hence:
b _ 1

=) >0
dz  p(1+p) - up(1+ p)

Hence:
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() o

dp dz
={u+ pt - o+ p)y ) P p 2 - p)? +2up p)fud - ot p)?)*
=

w1+ o)~ @+ p) ) (- et p) 2 -+ )2 + 2+ p) ) >0

d?p
dz?

Proof of Proposition 3

The Kuhn-Tucker conditions to the household problearresponding to the
maximization problem yield three nontrivial possildolutions, two corner solutions

and one interior solution. As before we w$e) = In(c).

Case Or =0 ands, = ﬁqal(T,)B(Z(tr;)ht) :

Case 1: g&=1ands =0. Ifs =0, thency+; = 0 andU — -0 unlesse =1. Conversely,
if I =1, thens, = 0, maximized) = In(w; —h; —s) + X.

x-(1-¢)d x-(1-¢)d
e Po e Po
Case 2. =1- ga ands =
Ra

L)W, —h)R, —e # ]

This interior solution is feasible when:
x—(1-¢)d x=(1-¢)d

e B e B
0< aga <1 and0< <w, —-h. (15)

BAR)I(W ~R) Ry - 7 ] "

To find the optimum we compare the utility levels:
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h BER)(W ~1)Ruy
Uo =Inf ]+ Aryn S5 8 e

Uy =In(w, —h)+x

x-(1-¢)d

Un=Inf(w; ~hy) -

], if (15) is satisfied.

+1
Clearly, when Case 2 is feasildlg; > Uy . The interior solution never optimal, and

the agent’s optimal decision on her longevity redudown teeg =0ore=1. m

APPENDIX B

The body of the paper assumes 100% depreciatiors dppendix develops the
analysis for a general depreciation ra&te[0,1]. Depreciation does not affect our
generic results whea > .5. With a < .5, we were unable to prove Proposition 1 (i)
analytically. However, extensive numerical simwas uncovered no exceptions.
Lowering & can change the previous strictly concave relatignbetween wage and
longevity whena < .5 described in Lemma 3 to one that is first eamecand then

convex.

The depreciation rate affects the user cost oftab@ind enters the first-order

condition for capital in the firm's problem vyieldin real interest
rateR,, =1-J+aAk’'. The equilibrium condition is unchangéd, = p,s,, and

after substituting for savings (2) and the wage (@}, the gross interest rate is:

R.=1- 5+aA( 'Bﬁ(l a)Aktj_.
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Recall that (5) describes the condition where agprefer not to exit. Setting, =1

andsubstitutingR.1 into the inequality (5) and taking the antiloglgise

X 1+

vk oo mad B\ pengar o €8 A+B) F
L-a)1-9)AK +(1-a) a(m] A"k 27.

The left-hand side of this inequality is strictlycreasing irk;. Since the right-hand

side is a positive number, there exists a uniquestiold valuek where the

expression holds with equality. The above inequast therefore satisfied for any
k 2k. In another words, wheln>l~<, p, =1 and the transition function is given by

__B 4 a
kt+l_m(1 a)Akt .

On the other hand if Okt<l~<, the equilibrium will settle down ap, ' (0Jand (5)
holds with strict equality. Substituting the grasierest rate into (5) fqn: < 1 yields:

X 1+8
a-1 — il
B+ B
L-a)1-d)Ak + (- a)”a(—'g j Arie et = & AT A) T
1+ /8 ﬁ
This condition gives us the proportion of savers:

1

/8 a-1{m _ al\@ -
|Gy (a-a)Ae)
Po=|— 1+
efa+p’ (1;@ S -8)1-a)AK

The equilibrium transition path of the economy watlyeneral depreciation rate now
can be summarized as the following:
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=l aAl-a)Ak’ . Ok <k (Bla
D A - sa-aiae
B
0,0-a)AK”, Ok >k (B1t

With a > 0.5, the transition function is first describdegthe convex locus (Bla) and
then switches to a concave locus (B1b). For a@efftly large value of, we get the
situation depicted in Figure 3. Thus, we get theesgeneric results as in the body of

the paper.

With a < 0.5, the curvature of (Bla) can be ambiguousnde& 1 whereas it is
strictly concave wherd =1. This implies that the economy may have mutipl
equilibria in contrast to the unique equilibriumevi® =1. We were unable to prove
uniqueness in fod < 1. However, extensive numerical simulationsefhito generate
multiple equilibria. Thus, we conjecture that thesea unique equilibrium, in which

case, Proposition 1 generalizedtdO0,1].

The depreciation rate can affect the empirical iogplons. For a general depreciation

rate, the equilibrium relationship between the wagand average longevity of agents

Aig)
1+

x wp
e"1+p)”
B

1+ p, born at, is:

Oswt<\;v:> 1+ p, =1+ p, =1+ <2

- (1-9)w,

WtZ\;V = 1+p =2
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Below the threshold wag&,, the average longevity is increasinganand is strictly
convex fora >0.5. For a <0.5, the relationship is strictly concave wheérrl, the
result in Lemma 3. However, whén<1, the relationship may be concave and then

convex (for exampled = 0Jla =03, f=1,x=0.6, andA = 1).

The equilibrium relationship at timé between the average per capita income,
v/ (1+p1), and life expectancy, bti, is increasing until the lifespan of g#=2 is
reached for all depreciation rates. As described.emma 4, this relationship is
strictly convex whem =1. Whend < 1 this relationship’s shape is initially strictl
convex but then its shape appears ambiguous. Weystematic search across the
parameter space, we have been unable to find anpteavhere the curve becomes

concave, consistent with the usual descriptiotefRreston curve.
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Figure 5:
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